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Abstract

The problem of deriving membership functions as a means for describing linguistic

variables (for some control process) and the choice of fuzzy inference operators and

connectives is at the heart of developing fuzzy control systems. Over the years con-

nectionist systems have obtained prominence as a means to solve complicated learning

tasks. More recently a surge in interest for applying neural systems to fuzzy control

problems has occurred. In this paper, it will be shown how complicated fuzzy mem-

bership functions can be composed of simpler �-shaped functions. The importance

lies in the fact, that the decomposition process can be implemented through use of

a connectionist representation. Furthermore, it allows augmenting an existing hybrid

symbolic/connectionist learning system - SC-net - to incorporate fuzzy variables de-

scribed by more complicated membership functions than was earlier possible. Finally,

it provides the necessary tools for constructing connectionist fuzzy controllers, which

by means of machine learning can be trained to adapt to an ever changing environment.

1 Introduction

1.1 Representing Fuzzy Sets

Due to the inherent ability of connectionist networks to display learning
capabilities and their exploitation of parallelism at the neural level, they
have been viewed as attractive alternatives to symbolic approaches. Ap-
plying connectionist methods to successfully solve fuzzy control problems
has recently been emerging [2] [11]. One of the main problems one faces,
is to e�ectively represent fuzzy sets into a connectionist network. Several
methods have been proposed [2] [3] [1]. The di�erence of the method de-
scribed herein is the membership functions are directly encoded into the
network structure, rather than being learned by sampling some represen-
tative set of points. This guarantees a quick and accurate implementation
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of user de�ned membership functions. If required, learning techniques de-
scribed in [8] can be applied to improve on the user speci�ed membership
functions based on a representative set of training examples. The proposed
scheme for representing complex fuzzy membership functions guarantees
- regardless of the complexity of the underlying fuzzy set -, only a �xed
number of layers is required. This allows the resulting network to fully
utilize the inherent parallelism of the encoded fuzzy sets.

1.2 Overview of SC-net

SC-net is a prototypical knowledge acquisition tool designed for the con-
struction of expert systems and is based on a hybrid symbolic/ connection-
ist architecture. Fuzzy logic is used to deal with uncertainty. Learning is
similar to instance based schemes, in that cells are recruited whenever new,
yet unknown, examples are encountered during the learning process. Due
to its nature, it is incremental and only requires a single pass through the
training data. It allows representing symbolic constructs such as compara-
tors and fuzzy quanti�ers [8]. Rule inclusion as well as extraction (from
learned data) is possible, making it a worthwhile candidate for not only
knowledge acquisition but also knowledge re�nement [8] [9]. SC-net has
also been extended to a production system [12] and successfully applied
to various real world problem solving tasks [6] [7]. Additionally, in [10] it
was shown how SC-net can be used for acquiring knowledge in a domain
that contains uncertainty (creditworthiness), and in [11] how the system
can act as a fuzzy controller for a steam engine (with or without applying
expert knowledge).
Next, we provide a brief description of the cell activation formulae used

to update the various cells employed by SC-net. Every cell Ci with activa-
tion CAi (except for input cells) computes its new cell activation according
to the formula given in Figure 1. The output Oi is a non-linear function
with response in [0,1]. If cell Ci and cell Cj are connected then the weight
of the connecting link is given as CWi;j, otherwise CWi;j = 0.
For a given output cell, a response of 0 indicates no presence, 0.5 indi-

cates unknown and 1 indicates true.
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CAi { cell activation for cell Ci.
Oi { output for cell Ci in [0,1].
Oipositive and Oinegative are the positive and negative collector cells for Ci re-
spectively.
CWi;j { weight for connection between cell Ci and Cj, CWi;j 2 R.
CBi { cell bias for cell Ci, CBi 2 R.

CAi =

8>>>>>>>>>>><
>>>>>>>>>>>:

minj=0;::;i�1;i+1;::n(Oj � CWi;j) � jCBij Ci is a min cell
maxj=0;::;i�1;i+1;::n(Oj � CWi;j) � jCBij Ci is a max cell���Pn

j=0;j 6=iOj � CWi;j

��� � CBi Ci is a ; ltc
1� (Oj � CWi;j) Ci is a negate cell
Oipositive + Oinegative � 1=2 Ci is either an intermediate

or final output cell:

Oi = max(0;min(1; CAi))

Figure 1: Cell activation formula

2 Representing Simple Fuzzy Variables

SC-net supports fuzzy variables, which allow either the user or the system
itself to divide the numerical range of a variable into its fuzzy equivalent.
In general fuzzy variables are described by a set of membership functions,
where each function is associated with a linguistic hedge (variable) such
as high, small, etc [13]. These membership functions correlate a given nu-
merical value with a degree of membership indicating the strength (mem-
bership) of the numerical value being a member of the prede�ned fuzzy
sets. A linguistic hedge in SC-net is de�ned by 4 quantities:

< LinguisticHedge >: BL : : :BU (PL; PU ) (1)

Whenever the value of a given fuzzy variable lies between BL and BU

< LinguisticHedge > takes on a membership value of 1. If the value falls
outside the PU and PL range a membership value of 0 is assigned. In ev-
ery other case a graded membership response is returned, which in turn is
described by a linear function (arms of pi-shaped membership function).
Figure 2 depicts the general network structure used by SC-net to repre-
sent a fuzzy variable (labeled attribute) and a linguistic hedge (labeled
attribute[value]). Cells labeled with the numerical value of -1 return the
minimum of the incoming activations, whereas cells with a 0 label return
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Figure 2: SC-net Network Representing Fuzzy Attribute

the strong negation (1 �Activation) of the incoming activation.
Weights are calculated as follows:

Weight� 1 = 1

PU

Weight� 2 = 1
Weight� 3 = PU

PU�BU

Weight� 4 = 1

1�PL

Weight� 5 = 1�PL

BL�PL

(2)

Finally, SC-net allows the arms of fuzzy membership functions to be
dynamically adapted through use of the Dynamic Plateau Modi�cation
Algorithm (DPM for short) [8]. Initially PL and PU are set to the smallest
and the largest variable range value, respectively. By presenting encoded
instances of examples learned by RCA and represented into a network
structure (the SC-net network) the membership arms of the pi-shaped
functions are modi�ed. The central idea of the algorithm is to place con-
straints on the degree of generalization provided by each of the arms. If the
degree of membership calculated by either arm is too high (for a given en-
coded example), it is lowered by appropriately moving either the PL value
closer to BL or PU closer to BU . The amount of adjustment is determined
by comparing the actual and the expected output response of a cell. For
further detail on fuzzy variables, activation functions used by SC-net, and
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Figure 3: SC-net Network Representing Fuzzy Attribute

the Dynamic Plateau Modi�cation algorithm refer to [8, 9].

3 Composition of Complex Membership Functions

In this section we will show how complicated fuzzy sets can be constructed
from simple �-shaped membership functions as described in the previous
section. A small demonstrative example will close out this section. We
start of with a de�nition of a monotonic fuzzy set.

De�nition 1 A monotonic fuzzy set F 2 F has the property that its mem-
bership values initially monotonically increase (decrease) to some maxi-
mum (minimum) point before they monotonically decrease (increase). Given
F = fv1=M (v1); v2=M (v2); : : : ; vN=M (vN)g, where the vi i = 1; : : : ; N rep-
resent the domain values and the M (vi) correspond to the associated mem-
bership values of the vi. We obtain
8F 2 F 9k 8i; jv1 � vi; vj < vk ^ vi � vj ) M (vi) � M (vj) ^ 8i; j vk <
vi; vj � vN ^ vi � vj )M (vi) �M (vj)

Theorem 1 Any monotonic fuzzy set F 2 F can be decomposed into a
disjunction of simple �-shaped membership functions.

Proof Theorem 1 We prove Theorem 1 by construction, which provides
us with the necessary algorithm for performing the transformation from
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any monotonic fuzzy set to the desired disjunction of �-shaped membership
functions. Let Li be a �-shaped fuzzy membership function. We can de�ne
Li as a quadruple Li(BL; BU ; PL; PU ). Here, the BL and the BU represent
the lower and upper bound values of Li, and PL and PU the lower and
upper plateau values, respectively. Assume, indexes i, j, and l are given
such that the following condition holds,

M (vi) �M (vj) �M (vl); vi < vj < vl and
vj�vi

M (vj)�M (vi)
6= vl�vi

M (vl)�M (vi)

(3)

Whenever the above condition holds the membership curve spanned between
the domain points vi, vj, and vl is non-linear. Let v

0
i and v

0
j be symmetrical

points around vk. That is,

vk � vi = v0i � vk and
vk � vj = v0j � vk

(4)

2 conditions may result from this.

vj�vi
M (vj)�M (vi)

=
v0

j�v
0

i

M (v0

j)�M (v0

i)

vj�vi
M (vj)�M (vi)

6=
v0

j�v
0

i

M (v0

j)�M (v0

i)

(5)

We will turn our attention to the �rst case. It clearly indicates a sym-
metry between the left and right arm piece spanned by the four quantities
vi, vj, and their symmetrical counterpoints v0i and v0j. We can construct
a �-shaped membership function Lt for this case by setting Bt

L = vj and
Bt

U = v0j. The corresponding lower and upper plateau values can be derived
as,

vj�vi
M (vj)�M (vi)

= vi�P
t
L

M (vi)�0
)

P t
L = vi �

(vj�vi)M (vi)

M (vj)�M (vi)
v0

j�v
0

i

M (v0

j)�M (v0

i)
= v0

i�P
t
U

M (v0

i)�0
)

P t
U = v0i �

(v0

j�v
0

i)M (v0

i)

M (v0

j)�M (v0

i)

(6)

P t
L is determined such that M (P t

L) = 0 (same holds for P t
U). Since the

second case is not symmetrical, we calculate P t
L as in the �rst case, whereas

P t
U is determined by
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vj�vi
M (vj)�M (vi)

= v0

i�P
t
U

M (v0

i)�0
)

P t
U = v0i �

(vj�vi)M (vi)

M (vj)�M (vi)

(7)

Recall, the initial condition

vj � vi

M (vj) �M (vi)
6=

v0j � v0i
M (v0j)�M (v0i)

(8)

For the case were the two slopes are equal, the domain point vi can be
removed from the triplet of values (vi; vj; vl) under consideration. Instead,
a new value vs (if available) may be selected and the previously described
process repeated. The new value triplet is given as (vj; vl; vs) with property
M (vj) � M (vl) � M (vs); vj < vl < vs. The process of selecting a set of
triplets and constructing a �-shaped function from it continues until all
points vi; 1 � i � n have been associated with the appropriate membership
values M (vi). Under worst case conditions (n�1) �-shaped functions need
to be constructed for any given monotonic fuzzy set. This number arises
when every value triplet (vi; vj; vl) contains a non-linearity.
q.e.d.

We conclude this section by applying the results of Theorem 1 to an
actual example. Assume we are given the following monotonic fuzzy set.
F = f1=0:0; 2=0:0; 3=0:2;4=0:6; 5=0:8; 6=1:0;7=0:6; 8=0:2; 9=0:0;10=0:0g. The
corresponding graph is shown in Figure 3.
Applying the algorithm for decomposition, we obtain 4 �-shaped mem-

bership functions (L0 � � �L3) which model the graph displayed earlier in
Figure 3. The 4 membership functions are depicted in Figure 4.
In Theorem 1 we showed how a monotonic fuzzy set can be decom-

posed into a conjunction of simple �-shaped functions. In Figure 5 we
show how the conjunction is realized in terms of a connectionist network.
The �rst layer of cells (labeled Li) corresponds to the output cells for the
sub-networks which implement the individual �-shaped functions. The
membership weight returned by the Li networks is scaled by appropriately
multiplying the output value. The box labeled in represents a network
structure that determines if a value (output of Li) is within the range
[�i�1; �i] or not. The third layer corresponds to a set of min-cells (re-
turn minimum of incoming activations) which will either output the right
membership value for one of the Li's, or zero. Finally, a max-cell (returns
maximum) is used to form the fuzzy disjunction of the Li. In Figure 6 the

7



Figure 4: Graph for fuzzy membership set F
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Figure 6: Complete network for modeling fuzzy set F

sub-network that realizes the in network is presented. The cell labeled LTC
returns an activation of zero if x 2 [L;U ]. In every other case the value is
greater than zero. Multiplying the activation by in�nity and negating the
product results in the correct decision. We mentioned earlier that the arms
of �-shaped membership functions can be automatically adjusted by the
DPM algorithm. The same can be accomplished using more complicated
membership functions. Instead of adapting a single membership function
the individual membership functions of the disjunction are modi�ed.

4 Summary

Deriving the necessary methods for converting complex monotonic fuzzy
sets into a connectionist representation by means of decomposition into
simpler functions was investigated, and applied to a simple but repre-
sentative example. As a result expert de�ned fuzzy sets and variables
implementing these sets can directly be constructed and incorporated into
hybrid symbolic/connectionist architectures, which guarantee exact per-
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Figure 7: Representing operator in

formance as de�ned by the fuzzy sets. Fixing the number of layers, re-
gardless of the complexity of the underlying fuzzy sets, allows the �nal
networks to exploit any inherent degree of parallelism present in the fuzzy
sets. Finally, employing machine learning techniques allows the encoded
membership functions to be dynamically modi�ed based pre-dominantly
on the training set.
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