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Abstract

This paper examines the issue of scheduling page access in join process-

ing. Two related problems are addressed: (1) the determination of an optimal

page access sequence such that the join can be computed without any page

reaccesses using the minimum number of bu�er pages, and (2) the determina-

tion of an optimal page access sequence such that the join can be computed

with the minimum number of page reaccesses given a limited number of bu�er

pages. The �rst problem is believed to be NP-hard while the second problem

has been shown to be NP-complete. E�cient heuristics for both problems can

optimize bu�er utilization as well as disk I/O cost. By modeling a page access

sequence as a concatenation of segments, we derived two desirable properties

of a page access sequence, which serve as the basis of our new heuristics for

solving both problems. An experimental performance comparison of the new

heuristics with existing heuristics show that the new heuristics perform bet-

ter than existing heuristics for the �rst problem, and also perform better for

the second problem provided that the number of available bu�er pages is not

much less than the optimal bu�er size.

Keywords: Heuristics, join graph, join processing, page access scheduling, page access

sequence.

1 Introduction

The join operation is one of the most performance-critical operations in database
systems due to its frequent execution and costly evaluation. In relational database
systems, value-based joins are used to combine information from more than one
relation (as a result of normalization). In object-oriented database systems, besides
supporting the conventional value-based joins, identity-based joins are also needed to
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optimize the evaluation of path expressions [6] (or nested predicates [1]) to retrieve
objects related by their class-composition hierarchy. Much work has been done in
optimizing join operation [8, 4], and many join processing techniques are common
to both relational and object-oriented database systems.

One strategy to compute the join R1 ./ R2 is the following 2-step scan-join

algorithm:

(1) Scan the relevant index(es) on the two join relations to obtain a list of pairs
of data page identi�ers (p; q) where page p contains some tuple which needs
to join with some other tuple in page q.

(2) Use the page-pair information from step (1) to schedule an e�cient page access
sequence to fetch the data pages to compute the join results.

The scan-join algorithm is applicable in many join processing strategies using
indexes. For example, consider the join R ./ S where each of the join relations has
an unclusteredB+-tree index on the join attribute(s). Using the scan-join algorithm,
the index leaf pages of both relations are sequentially scanned and merged to obtain
a list of pairs of TIDs (tuple identi�ers) of related tuples, from which a list of pairs of
page identi�ers can be derived, and the join computed by fetching the participating
data pages. The scan-join algorithm has been shown to be more e�cient than
the hybrid-hash join algorithm when the join selectivity is low [3]. Unclustered
indexes are common since there can be at most one clustered index for each relation.
Furthermore, multi-dimensional indexes are generally unclustered. In fact, the scan-
join algorithm is applicable in any join strategy that utilizes precomputed join results
(in the form of a list of pairs of tuple identi�ers or object identi�ers) organized as
index structures to expedite join computation in relational and/or object-oriented
database systems. Many such indexes have been proposed: the identity index [6], the
join index [12], the composite B+-tree [2], the nested join index [1], and the access
support relation [5]. All these indexes materialized the join results to expedite join
processing.

The performance of the scan-join algorithm depends on two factors: the e�ciency
of the join index(es) (step 1) and the e�ciency of the page access sequence schedule
(step 2). While much research has been done in designing new join indexes, there
is very little work on the issue of e�cient page access sequence to fetch data pages,
which we will address in this paper. An e�cient page access sequence is important to
the performance of the algorithm as it can impact both the utilization of the bu�er
as well as the number of disk I/O accesses (in terms of number of page reaccesses).
Clearly, the number of page reaccesses is likely to increase with a smaller number of
bu�er pages allocated. This raises two interesting problems:

(1) What is the optimal page access sequence such that the join can be computed
without any page reaccesses using the minimum number of bu�er pages?

(2) Given a �xed number of bu�er pages, what is the optimal page access se-
quence such that the join can be computed with the minimum number of page
reaccesses?
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We shall refer to both these problems as OPAS1 and OPAS2 respectively (for optimal

page access sequence problem).
A solution to the OPAS1 problem provides not only the optimal page access se-

quence but also the optimal bu�er size. This information can be used to allocate an
optimal number of bu�er pages to compute the join without incurring any unneces-
sary disk I/O, resulting in an e�cient join computation in terms of bu�er utilization
as well as disk I/O. Furthermore, with the page access schedule, the optimizer can
utilize this knowledge to allocate the bu�er pages dynamically, resulting in better
bu�er utilization. This is possible since it is unlikely that the optimal number of
bu�er pages is all needed for the entire page access sequence, so bu�er pages can be
requested and released as necessary. On the other hand, when the optimal number
of bu�er pages is not available, a solution to the OPAS2 problem can be useful in two
ways. Firstly, the optimal page access sequence for a limited bu�er space provides
an I/O e�cient strategy to compute the join with the minimum number of page
reaccesses. Secondly, as a solution to the OPAS2 problem also provides information
on the number of page reaccesses incurred, the database system can make use of
this information to either allocate a fraction or all of the available bu�er pages to
perform the join, or defer the join operation until more or the optimal number of
pages is available, by considering the marginal gains of waiting for more bu�er pages
to be made available [9].

The OPAS1 problem, determining the least upper bound on the size of the bu�er,
is believed to be NP-hard [3, 10], while the OPAS2 problem, determining the least
upper bound on the number of page reaccesses, has been shown to be NP-complete
for the case when the bu�er size is equal to two pages [7]. E�cient heuristics for
these problems are important as they will optimize both bu�er utilization and disk
I/O. In this paper, we propose new heuristics for both the OPAS1 and OPAS2
problems. The results of performance experiments show that the new heuristics
outperform existing heuristics for a wide range of cases, in particular, for di�erent
types and sizes of join graphs, and their edge ratios. The rest of this paper is
organized as follows. In Section 2, we present some desirable properties of a page
access sequence which serve as the basis for our new OPAS1 heuristic presented in
Section 3. Section 4 surveys existing OPAS1 heuristics and compares them with
our proposed heuristic qualitatively. Section 5 presents performance comparisons
of the new heuristic with existing OPAS1 heuristics. In Section 6, we examine
existing heuristics for OPAS2 problem which are essentially extensions of OPAS1
heuristics. We also propose a new OPAS2 heuristic by extending our new OPAS1
heuristic. Section 7 compares the performance of the new OPAS2 heuristic with
existing OPAS2 heuristics. Finally we conclude in Section 8.

2 Desirable Properties of a Page Access Sequence

In this section, we derive two desirable properties of a page access sequence that
minimize the number of bu�er pages necessary to compute the join without any
page reaccesses. We �rst de�ne the concept of a segment and model a page access
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sequence as a concatenation of a �nite number of segment. Based on this model,
we derive two desirable properties of a page access sequence, namely that it should
not contain premature page accesses and that it should be a minimal page access
sequence. We then show that any page access sequence S can be re�ned into another
page access sequence S0 such that S0 satis�es both properties and S0 requires no more
bu�er pages to join than S.

The page-pair information of a join R1 ./ R2 can be represented by an undirected
graph G = (V;E) where V represents the set of pages participating in the join, and
E � V � V represents the set of page-pairs to be joined such that (v1; v2) 2 E i�
there exists some tuple in page v1 that joins with some tuple in page v2. We shall
refer to such a graph as a join graph. Other terminology that has been used to refer
to such a graph includes page-pair graph [10] and page-connectivity graph [11, 3].
The join graph is bipartite if no page in V contains tuples from both relations R1

and R2; i.e., the relations are not inter-clustered. For a bipartite join graph, we
shall use V1 and V2 to denote the subset of pages in V that belongs to R1 and R2,
respectively.

Note that a join graph may consist of a number of connected components; how-
ever, since each connected component can be treated as a separate independent join
computation, we shall for the rest of this paper, consider only connected join graphs.

De�nition 1 Let G = (V;E) be a join graph. A page access sequence S = <

p1; p2; : : : ; pjV j > is a sequence of distinct page accesses from V where pi denote the
ith page fetched into the bu�er.

A page access sequence speci�es the order of fetching the pages from the join graph
into the bu�er. Each newly fetched page is joined with the existing resident bu�er
pages and any page that has joined with all its adjacent pages in the join graph can
be made available for subsequent page fetches.

De�nition 2 Let G = (V;E) be a join graph. The join set of a page p 2 V ,
denoted by J(p), is de�ned to be the set of all its adjacent pages in the join graph
including p itself; i.e., J(p) = fq 2 V j(p; q) 2 Eg [ fpg.

Once all the pages in J(p) have been fetched into the bu�er, the bu�er page occupied
by p can be made available for subsequent page fetches.

Each page access sequence S is associated with two unique sequences of set of
pages, < B1; B2; : : : ; BjV j > and < D1;D2; : : : ;DjV j >, where Bi denote the set of
resident bu�er pages after page pi has been fetched into the bu�er and Di denote
the set of bu�er pages that are made available after page pi has been fetched and
joined with the other resident bu�er pages. The following equations characterize
the relationship between Bi and Di:

B0 = D0 = ; (1)

Bi = Bi�1 �Di�1 [ fpig for i = 1; 2; : : : ; jV j (2)

Di = fp 2 BijJ(p) � Big for i = 1; 2; : : : ; jV j (3)

Since pjV j is the last page fetched into the bu�er, we must have DjV j = BjV j.
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De�nition 3 Let S = < p1; p2; : : : ; pjV j > be a page access sequence. The upper

bound of S, denoted byMAX(S), is de�ned to be the upper bound on the bu�er size

of S; i.e., MAX(S) = maxfjB1j; jB2j; : : : ; jBjV jjg. S is an optimal page access

sequence i� MAX(S) �MAX(S0) for all page access sequence S0.

A join graph may have a number of distinct optimal page access sequences. Note that
for the join to be computed without any page reacesses, MAX(S) � maxfjJ(p)j :
p 2 V g. Furthermore, if S is an optimal page access sequence for a bipartite join
graph, then we must have MAX(S) � minfjV1j; jV2jg + 1. This bound can be
achieved using the nested-loop join algorithm.

De�nition 4 Let S = < p1; p2; : : : ; pjV j > be a page access sequence. S0 = < pi; pi+1;

: : : ; pi+k >, 1 � i � jV j � k, is said to be a segment of a page access sequence

S i� S0 is a non-empty subsequence of S such that (1) Dj = ; for i � j < i+ k, (2)

Di+k 6= ;, and (3) Di�1 6= ; if i > 1.

While the sequence of pages in a segment are fetched, no pages can be made available
until the last page in the segment has been fetched. Each page access sequence S
can be uniquely expressed as a concatenation of a �nite number of segments. We
shall denote each segment of a page access sequence S by Sji where ji is the index
of the last page in the segment; i.e., Sji = < pji�1+1; pji�1+2; : : : ; pji > with j0 = 0,
i � 1. So if S is a page access sequence with m segments, then

S = Sj1 � Sj2 � : : : � Sjm
= < p1; : : : ; pj1 > � < pj1+1; : : : ; pj2 > � : : : � < pjm�1+1; : : : ; pjm > :

Since DjV j = BjV j 6= ;, we must have jm = jV j. We shall also use the same notation
Sjk to refer to the set of pages contained in the segment Sjk when the context makes
the intended meaning clear. Note that the last page in a segment Sji must be
contained in the join set of every page d 2 Dji ; otherwise some page would have
been made available before the last page from the segment is fetched.

Proposition 1 Let S be a page access sequence with m segments. Then MAX(S) =
maxfjBj1j; jBj2j; : : : ; jBjmjg.

Proof : Consider the kth segment of a page access sequence S. By De�nition 4,
Sjk = < pjk�1+1; pjk�1+2; : : : ; pjk > such that Di = ; for jk�1 < i < jk. Therefore
by Equation 2, we must have jBi+1j > jBij for jk�1 < i < jk which implies that
jBjk j = maxfjBij : jk�1 < i � jkg. Hence MAX(S) = maxfjB1j; jB2j; : : : ; jBjV jjg
= maxfjBj1j; jBj2j; : : : ; jBjmjg. 2

De�nition 5 A page p in a segment Sji is said to be a premature page access

in Sji i� 8d 2 Dji ; p 62 J(d). S is said to be a premature page access sequence

i� S contains some premature page access(es).
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Informally, a page p is a premature page access in a segment Sji if p is fetched
within the segment but p does not contribute to making any of the pages in Dji

available. This means that the fetching of p can be postponed after segment Sji
without a�ecting Dji . Therefore to minimize the number of resident bu�er pages
and hence MAX(S), premature page accesses should be eliminated.

Proposition 2 Let S be a page access sequence with w premature page accesses,

w � 1. Then S can be re�ned into another page access sequence S0 such that (1) S0

has (w � 1) premature page accesses, and (2) MAX(S0) �MAX(S).

Proof : Let S = Sj1 �Sj2 � : : : �Sjm = < p1; p2; : : : ; pjV j > be a page access sequence
such that pr is a premature page access in S. Suppose pr is contained in the xth

segment of S; i.e., jx�1 < r � jx. Since pr 2 Sjx is a premature page access,
pr 62 Djx . So pr 2 Djz for some x < z � m. Let Sjy be the segment of S such that:

(C1) x < y � z,

(C2) 9d0 2 Djy such that pr 2 J(d0), and

(C3) 8x < i < y;8d 2 Dji ; pr 62 J(d).

De�ne a new page access sequence S0 such that S0 is equivalent to S except that page
pr is scheduled to be fetched immediately before the �rst page in Sjy as depicted in
Figure 1. Formally, let S0 = < p�(1); p�(2); : : : ; p�(jV j) > be a permutation of S where

�(i) =

8>>><
>>>:

i if 1 � i < r;

i+ 1 if r � i � jy�1 � 1;
r if i = jy�1;

i if jy�1 + 1 � i � jV j:

Let S0 = S0
k1
�S0

k2
� : : :�S0

kn
. We claim that n = m; i.e., S0 has the same number

of segments as S. By de�nition of �,

(P1) < p�(1); : : : ; p�(jx�1) > = < p1; : : : ; pjx�1 > = Sj1 � : : : � Sjx�1 . So S
0
ki
= Sji for

1 � i � x � 1 which implies that B0
ki
= Bji and D0

ki
= Dji for 1 � i � x � 1.

Clearly, each S0
ki
has the same number of premature page accesses as Sji for

1 � i � x� 1.

(P2) < p�(jx�1+1); : : : ; p�(r�1); p�(r); : : : ; p�(jx�1) >= < pjx�1+1; : : : ; pr�1; pr+1; : : : ; pjx >

= Sjx with pr removed. So S0
kx

= Sjx without pr. Thus B0
kx

= Bjx � fprg.
Since pr 62 Djx , therefore D

0
kx

= Djx . Thus S0
kx

is a minimal segment. Since
pr is a premature page access in Sjx but pr 62 S0

kx
, therefore S0

kx
has one less

premature page access compared to Sjx.

(P3) < p�(jx); : : : ; p�(jy�1�1) > = < pjx+1; : : : ; pjy�1 > = Sjx+1 � : : : � Sjy�1. So
S0
ki
= Sji for x+ 1 � i < y. By (C3) and the fact that B0

kx
= Bjx � fprg, we

must have B0
ki
= Bji � fprg and D0

ki
= Dji , for x + 1 � i < y. Clearly, each

S0
ki
has the same number of premature page accesses as Sji , for x+ 1 � i < y.
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(P4) < p�(jy�1); p�(jy�1+1); : : : ; p�(jV j) > = < pjr ; pjy�1+1; : : : ; pjV j > = < pr >

�Sjy � : : : � Sjm . So S0
ky

= < pr > �Sjy with B0
ky

= Bjy and D0
ky

= Djy since
pr 2 Bjy and pr 2 Djy . Thus S0

ky
is a minimal segment. S0

ki
= Sji so that

B0
ki

= Bji and D0
ki

= Dji , for y < i � m. Clearly, each S0
ki

has the same
number of premature page accesses as Sji for y � i � m.

Hence S0 = S0
k1
�S0

k2
� : : : �S0

km
with one less premature page access compared to S.

By (P1) to (P4), we have jB0
ki
j = jBji j for 1 � i < x and for y � i � m; and

jB0
ki
j = jBjij � 1 for x � i < y. Hence MAX(S0) � MAX(S). In particular, if

jBjij = MAX(S) i� x � i < y, then MAX(S0) = MAX(S)� 1. 2

oSj1
Sjx−1

o... o o...Sjx+1
Sjy−1

o o...Sjy+1
Sjm

jx
S jS

y

S

p
r

o o... o o... o o...

1
S’k S’

x−1k

S’
xk

x+1
S’k y−1

S’k

S’
yk

y+1
S’k S’

mkS’

p
r

Figure 1: Re�nement of S into S0 to eliminate premature page access pr

De�nition 6 A segment Sjk is said to be a minimal segment i� 8d 2 Djk , Sjk �
J(d). A page access sequence S is a minimal page access sequence i� all its

segments are minimal.

Clearly, by De�nitions 5 and 6, a minimal page access sequence must necessarily
be a non-premature page access sequence. Intuitively, if a segment is minimal, then
the sequence of fetching the pages in the segment is inmaterial in that it will not
a�ect MAX(S).

Proposition 3 If Sji is a minimal segment of a page access sequence S, then every
permutation of Sji is also a minimal segment of S.

Proof : Let Sji = < pji�1+1; : : : ; pji > be a minimal segment of S and S0 = <

p0ji�1+1; : : : ; p
0
ji
> be a permutation of Sji . Consider D

0
k, ji�1 + 1 � k < ji. Suppose

D0
k 6= ;; i.e., D0

k contains some page d. Since S0 is a permutation of Sji , Dji =[
ji�1<k�ji

D0
k. So d 2 Dji . Note that d 2 D0

k implies that p0k+1 62 J(d). Since

p0k+1 2 Sji, therefore Sji 6� J(d) which contradicts the fact that Sji is a minimal
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segment of S. So we must haveD0
k = ; for ji�1+1 � k < ji. SinceDji =

[
ji�1<k�ji

D0
k,

therefore D0
ji
= Dji 6= ;. Hence S0 is a segment of S.

Suppose S0 is not minimal. By De�nition 6, this implies that 9d 2 D0
ji
; S0 6� J(d).

But since D0
ji
= Dji , and both Sji and S

0 contain the same set of pages, this implies
that 9d 2 Dji , Sji 6� J(d) which contradicts the fact that Sji is a minimal segment
of S. Hence, S0 must be a minimal segment of S. 2

Proposition 4 Let S = Sj1 � Sj2 � : : : � Sjm be a page access sequence. Then Bji =
Bji�k [

[
i�k+1�t�i

Sjt �
[

i�k�t�i�1

Djt, for 1 � k < i, 1 < i � m.

Proof : From Equation 2, it can be established by induction that

Bi = Bi�k [ fptji� k + 1 � t � ig �
[

i�k�t�i�1

Dt for 1 � k < i � jV j:

So Bji = Bji�k [fptjji�k + 1 � t � jig �
[

ji�k�t�ji�1

Dt. Since 8Sji of S, Sji =

fptjji�1 + 1 � t � jig and Dt = ; for ji < t < ji+1, therefore Bji = Bji�k[[
i�k+1�t�i

Sjt �
[

i�k�t�i�1

Djt , for 1 � k < i � m. 2

Informally, a page segmentSji is minimal if every page fetched within the segment
contributes to making every page in Dji available. It follows that in a non-minimal
segment Sji, there must be some page d 2 Dji which does not require all the pages
in the segment to be fetched in order for it to be made available. Hence, by re-
sequencing the page accesses in a non-minimal segment, the segment can be split
into a number of shorter and minimal segments such that the number of resident
bu�er pages is reduced, which can potentially result in a smaller MAX(S).

Proposition 5 Let S be a non-premature page access sequence with w non-minimal
segments, w � 1. Then S can be re�ned into another page access sequence S0 such
that (1) S0 has (w � 1) non-minimal segments, and (2) MAX(S0) �MAX(S).

Proof : Let S be a non-premature page access sequence with m segments such that
Sjr is its �rst non-minimal segment. De�ne a new page access sequence S0 such that
S0 is equivalent to S except that Sjr is permutated as follows:

S0 = (S0
k1
� : : : � S0

kr�1
) � (S0

kr
� : : : � S0

kr+n�1
) � (S0

kr+n
� : : : � S0

km+n�1
)

= (Sj1 � : : : � Sjr�1) � Permutate(Sjr ) � (Sjr+1 � : : : � Sjm)

where (C1) S0
ki

= Sji for 1 � i � r � 1
(C2) S0

ki
= Sji�n+1 for r + n � i � m+ n� 1

(C3) Permutate(Sjr) is a permutation of Sjr such that for 1 � i � n;

(a) S0
kr+i�1

is a minimal segment of S0 and

(b) jB0
kr+i�1

j < jBjr j

8



We claim that Sjr can be permutated to satisfy (C3) by algorithm MINIMIZE
(shown in Figure 2) with Sjr as the input parameter. We shall establish the correct-
ness of the MINIMIZE algorithm by proving the following claims: (P1) If Fi 6= ;,
then 8p 2 Fi;9d 2 Ai; p 2 J(d); (P2) Algorithm MINIMIZE terminates; (P3)
S0
kr+i�1

is a minimal segment of S; and (P4) jB0
kr+i�1

j < jBjr j.
(P1) Since Sjr is a segment, therefore by line 1, F1 = Sjr 6= ; and A1 = Djr 6= ;.

Since S (and hence Sjr ) has no premature page accesses, therefore by De�nition 5,
8p 2 F1;9d 2 A1; p 2 J(d). So the claim holds for i = 1. Assume that claim is true
for i = k, k � 1. Consider Fk+1. Suppose Fk+1 6= ;; i.e., Fk+1 contains some page
p. Since Fk+1 = Fk � Tk (line 5), therefore p 2 Fk which implies, by the induction
hypothesis, that 9d 2 Ak such that p 2 J(d). Since p 2 Fk+1 and p 2 J(d) for some
d 2 Ak, therefore by line 6, we must have d 2 Ak+1. Hence by induction, the claim
is true.

(P2) By (P1) and line 3, if Fi 6= ;, then Ti 6= ;. This implies that Fi+1 � Fi (by
line 5). So eventually Fn+1 = ; for some n � 1 and the algorithm terminates.

(P3) Since S0
kr+i�1

has jTij pages, therefore S0
kr+i�1

= < p0kr+i�2+1; p
0
kr+i�2+1

; : : : ;

p0kr+i�2+jTij >. Since Ti = Fi \ J(di) (line 3), D0
kr+i�1

contains di and is therefore
not empty. Suppose D0

kr+i�2+t
6= ; for some 1 � t < jTij. So D0

kr+i�2+t
contains

some page d0 which implies that J(d0) \ Fi � Ti and p0kr+i�2+jTi j
62 J(d0) \ Fi. Since

p0kr+i�2+jTi j
2 Ti, therefore Fi \ J(d0) � Ti which contradicts the construction of Ti

(line 3). Therefore, we must have D0
kr+i�2+t

= ; for 1 � t < jTij. Hence S0
kr+i�1

is a
segment of S.

Suppose S0
kr+i�1

is not a minimal segment of S. By De�nition 6, 9d0 2 D0
kr+i�1

,
such that Ti 6� J(d0); i.e., 9p0 2 Ti, such that p0 62 J(d0). But d0 2 D0

kr+i�1
implies

that Fi \ J(d0) � Ti. Since p0 2 Ti and p0 62 Fi \ J(d0), therefore Fi \ J(d0) � Ti
which contradicts the construction of Ti (line 3). Hence S0

kr+i�1
must be a minimal

segment of S0.
(P4) By Proposition 4, Bjr = Bjr�1 �Djr�1 [Sjr and B

0
kr
= B0

kr�1
�D0

kr�1
[S0

kr
.

Since S0
k1
� : : : � S0

kr�1
= Sj1 � : : : � Sjr�1 , therefore

B0
kr�1

= Bjr�1 and D0
kr�1

= Djr�1 : (4)

Consider B0
kr+i�1

. By Proposition 4,

B0
kr+i�1

= B0
kr�1

[
S
1�t�i S

0
kr+i�t

�
S
1�t�iD

0
kr+i�1�t

= B0
kr�1

�D0
kr�1

[
S
1�t�i S

0
kr+i�t

�
S
1�t<iD

0
kr+i�1�t

� B0
kr�1

�D0
kr�1

[
S
1�t�i S

0
kr+i�t

(since each D0
kr+i�1�t

6= ;)

= B0
kr�1

�D0
kr�1

[ Sjr (since S
0
kr
� : : : � S0

kr+n�1
is a permutation of Sjr )

= Bjr�1 �Djr�1 [ Sjr (by Equation 4)
= Bjr (by Proposition 4)

Hence jB0
kr+i�1

j < jBjr j.
Since (1) B0

ki
= Bji for 1 � i < r, (2) jB0

ki
j < jBjr j for r � i < r + n, and

(3) B0
ki
= Bji�n+1 for r + n � i � m + n � 1, therefore MAX(S0) � MAX(S). In

particular, if MAX(S) = Bji i� i = r, then MAX(S0) < MAX(S). 2
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Algorithm MINIMIZE (Sjr)

Input: Sjr is a non-minimal segment with no premature page accesses.

Output: S0
kr+i�1

is a minimal segment, 1 � i � n for some n � 1.

1) i := 1; Fi := fpjp is in Sjrg; Ai := Djr ;

2) repeat

3) Let Ti := Fi \ J(di) for some di 2 Ai such that 6 9d0 2 Ai; ; � Fi \ J(d
0) � Ti;

4) Let S0
kr+i�1

be any permutation of the pages in Ti;

5) Fi+1 := Fi � Ti;

6) Ai+1 := fd 2 AijFi+1 \ J(d) 6= ;g;
7) i := i+ 1;

8) until (Fi = ;);

Figure 2: Minimize Algorithm

Theorem 1 Let S be a page access sequence. Then S can be re�ned into an-
other page access sequence S0 such that S0 is a minimal page access sequence and
MAX(S0) �MAX(S).

Proof : By Proposition 2, S can be re�ned into another page access sequence S0

such that S0 is non-premature and MAX(S0) � MAX(S). By Proposition 5, S0

can be re�ned into another page access sequence S00 such that S00 is minimal and
MAX(S00) �MAX(S0) �MAX(S). 2

By Theorem 1, an arbitrary page access sequence can be re�ned into a minimal page
access sequence with no worse upper bound. This result can be used to augment
existing OPAS1 heuristics to generate minimal page access sequences with possibly
lower upper bounds.

3 A New Heuristic for the OPAS1 Problem

We shall now present a new greedy heuristic for the OPAS1 problem, referred to
as the COH heuristic, which is based on the notion of minimal segments. Since
minimal page access sequences are desirable, the main idea of our new heuristic
is to construct a minimal page access sequence using minimal segments. At each
iteration, the heuristic fetches the next \best" minimal segment until all the pages
have been fetched. The greedy algorithm is illustrated in Figure 3. The bu�er is
�rst initialized to be empty (line 1); i.e., all the join pages are initially disk resident.
A page p is bu�er resident i� mark(p) = true. The algorithm iteratively selects
the next \best" minimal segment (i.e., a set of pages) using a greedy heuristic
SelectSegment (line 5) and fetches it into the bu�er (line 6). The pages fetched
are then joined with the other resident bu�er pages (line 7). Bu�er pages that are
made available after the join are released (line 8). The algorithm terminates when
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Algorithm OPAS1 (G)

Input: G = (V;E) is a connected join graph.

Output: S = Sj1 � Sj2 � : : : � Sji is a minimal page access sequence.

1) mark(v) := false for all v 2 V ; /* Initialize bu�er to be empty */

2) i := 0;

3) repeat

4) i := i+ 1;

5) Sji := SelectSegment(G); /* Select the ith segment to fetch */

6) mark(p) := true 8p 2 Sji ; /* Fetch Sji into the bu�er */

7) Delete all the edges (u; v) 2 E where mark(u) = mark(v) = true; /* Perform join */

8) Delete all the vertices in V with zero degrees; /* Remove available pages */

9) until (V = ;);

Figure 3: Algorithm of New OPAS1 Heuristic (COH)

all the join pages have been fetched. Note that each page in the join graph is fetched
exactly once into the bu�er since a page once brought into the bu�er will remain
bu�er resident until it has joined with all its adjacent pages in the join graph. The
page access sequence obtained is Sj1 � Sj2 � : : : � Sji .

The SelectSegment heuristic selects the minimal segment that has the shortest
length where ties are resolved arbitrarily. Let J 0(p) denote the subset of pages in
the join set of a page p that have not been fetched into the bu�er; i.e.,

J 0(p) = fv 2 V jv 2 J(p);mark(v) = falseg:

The SelectSegment heuristic returns J 0(q) where

jJ 0(q)j � jJ 0(p)j8p 2 V:

We claim that J 0(q) is the shortest minimal segment that can be selected from V .
Consider the selection of the ith segment, Sji . For Dji 6= ;, Sji � J 0(p) for some
p 2 V so that p 2 Dji . Suppose Sji = J 0(q) where jJ 0(q)j � jJ 0(p)j8p 2 V . So
q 2 Dji . Clearly, if Sji � J 0(q), then Dji = ;. Thus Sji is a segment. Suppose
q0 2 Dji and q0 6= q. This implies that J 0(q) = J 0(q0); i.e., Sji � J(q0). So Sji is
also a minimal segment. Since jJ 0(q)j � jJ 0(p)j8p 2 V , Sji is the shortest minimal
segment. The time complexity of the COH heuristic is O(jV j2).

4 Comparison with Existing OPAS1 Heuristics

The existing OPAS1 heuristics [3, 10] 1 are based on the greedy paradigm shown in
Figure 4. In contrast to our new heuristic (Figure 3) which selects a set of pages at
each iteration, existing heuristics select one page at a time.

1We have excluded in this study an earlier heuristic by Pramanik and Ittner [11] as its perfor-

mance has been compared with Omiecinski's work [10].
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Algorithm OPAS1 (G)

Input: G = (V;E) is a connected join graph;

Output: S =< p1; p2; : : : ; pjV j > is a page access sequence.

1) mark(v) := false for all v 2 V ; /* Initialize bu�er to be empty */

2) i := 0;

3) repeat

4) i := i+ 1;

5) pi := SelectPage(G); /* Select the next page to fetch */

6) mark(pi) := true; /* Fetch pi into the bu�er */

7) Delete all the edges (u; v) 2 E where mark(u) = mark(v) = true; /* Perform join */

8) Delete all the vertices in V with zero degrees; /* Remove available pages */

9) until (V = ;);

Figure 4: Algorithm of Existing OPAS1 Heuristics (FPH & OH)

We shall refer to the heuristic proposed by Fotouhi and Pramanik [3] as FPH
and the heuristic proposed by Omiecinski [10] as OH. The FPH is designed for
general join graphs while the OH is designed specially for bipartite join graphs.
Both heuristics select the next \best" page based on the characteristics of the join
graph. The resident degree of a vertex v 2 V , denoted by rDeg(v) , is de�ned as
the number of vertices adjacent to v in the join graph that are resident in the bu�er.
The non-resident degree of a vertex v 2 V , denoted by nrDeg(v) , is de�ned as
the number of vertices adjacent to v in the join graph that have not been fetched into
the bu�er. In other words, rDeg(v) = jfw 2 V j(v;w) 2 E;mark(w) = truegj and
nrDeg(v) = jfw 2 V j(v;w) 2 E;mark(w) = falsegj. Thus, the degree of a vertex
v 2 V , denoted by Deg(v) , is the sum of its resident and non-resident degrees. The
SelectPage function for both FPH and OH heuristics are shown in Figure 5.

Table 1 summarizes the comparison of our OPAS1 heuristic with existing heuris-
tics. The main distinction between the new heuristic and existing heuristics is that

Table 1: Comparison of OPAS1 Heuristics

Page Selection Heuristic
One-Page-At-A-Time Set-of-Pages-At-A-Time

Type General FPH [3] COH
of Graphs O(jV j2) O(jV j2)
Join Bipartite OH [10]
Graph Graphs O(jV1j2 � jEj2), jV1j � jV2j

the new heuristic constructs the page access sequence in terms of minimal segments
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SelectPage(G) /* FPH Heuristic */

Select p to be the non-resident vertex in V with the largest resident degree;

If there is more than one such vertex, then choose the one with

the smallest non-resident degree;

return p;

SelectPage(G) /* OH Heuristic */

if the bu�er is empty then

begin

Select (p; q) 2 E such that Deg(p) +Deg(q) is the smallest;

mark(q) := true; /* Fetch q into the bu�er */

end else begin

Let X be the subset of resident vertices in V such that each vertex

has the smallest non-resident degree;

Select p to be the non-resident vertex in V that has the smallest

non-resident degree for all (p; x) 2 E; x 2 X ;

end

return p;

Figure 5: Existing OPAS1 Heuristics

instead of single pages. Thus the page access sequence produced by the new heuris-
tic is guaranteed to be minimal, which as we have shown is desirable. It is not
clear whether the page access sequences generated by existing heuristics have this
property.

5 Performance Comparison of OPAS1 Heuris-

tics

This section compares the performance of the new heuristic COH with existing
OPAS1 heuristics. The performance experiments are characterized by the following
parameters: the type of join graphs used (general or bipartite), size of the join
relations in terms of number of pages, the type of heuristics applied, and the edge
ratio of the join graphs. Given a join graph G = (V;E), the edge ratio of G is
de�ned to be the ratio of the total number of edges in G to the maximum possible
number of edges in G; i.e., in a fully connected graph.

Edge Ratio of G =

8<
:

2jEj

jV j(jV j�1)
if G is a general join graph

jEj

jV1jjV2j
if G is a bipartite join graph

The edge ratio provides an approximate measure of the join selectivity.
By varying the join graph type, size of join relations, and edge ratio, di�erent

classes of join graphs are obtained. For each class of join graphs, 20 random instances
are created, and the optimal bu�er size given by the di�erent OPAS1 heuristics
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measured. Let B(h) denote the mean optimal bu�er size of the 20 random join
graphs obtained using heuristic h.

The results for general join graphs are shown in Table 2. The COH heuristic
clearly outperforms the FPH heuristic for all the classes of join graphs shown. For
a given join graph size (i.e. jV j), the performance gain of the COH heuristic over
the FPH heuristic decreases as the edge ratio increases.

Table 2: Comparison of OPAS1 Heuristics for General Join Graphs

jV j Edge Ratio B(FPH) B(COH) B(FPH) - B(COH)

(pages) (%) (pages) (pages) (pages)

5 396:7 341:6 55:1

10 443:8 403:5 40:3

15 461:1 430:2 30:9

500 20 471:5 446:2 25:2

25 477:6 455:9 21:6

30 481:9 463:5 18:4

5 883:0 801:2 81:8

10 938:9 883:8 55:1

15 958:4 918:8 39:6

1000 20 968:4 937:0 31:4

25 975:4 948:8 26:6

30 980:2 958:2 22:0

5 1872:8 1760:7 112:2

10 1933:2 1866:6 66:7

15 1955:7 1906:9 48:8

2000 20 1966:4 1929:2 37:2

25 1974:0 1943:2 30:8

30 1978:9 1953:1 25:8

The results for bipartite join graphs are shown in Table 3 for cases when (a)
jV1j = jV2j and (b) jV1j < jV2j. For both cases, the COH heuristic outperforms
the FPH heuristic with the performance margin increasing with the edge ratio.
Comparing the COH and OH heuristics, the COH heuristic outpeforms the OH
heuristic when jV1j = jV2j, with the performance margin narrowing as the edge ratio
increases. A possible explanation for the decreasing performance margin as the
edge ratio increases is that in the OH heuristic, the SelectPage function (Figure 5)
always selects a page that is adjacent to some resident bu�er page (unless the bu�er
is empty); on the other hand, in the COH heuristic, the set of pages selected by the
SelectSegment function (section 3) need not be adjacent to any resident bu�er
pages. In other words, the set of candidate pages available for selection for the
OH heuristic is generally more restrictive than for the COH heuristic. However,
as the edge ratio increases, this di�erence becomes smaller resulting in a smaller
performance gain. When jV1j < jV2j, the optimal bu�er sizes for both the heuristics
are comparable, with a di�erence of at most one bu�er page.

As noted in Section 2, if S is an optimal page access sequence, MAX(S) is
bounded by minfjV1j; jV2jg + 1. Among the three OPAS1 heuristics, the optimal
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bu�er sizes obtained using the FPH heuristic exceed the bound for all cases. The
OH heuristic exceeds the bound for some cases when jV1j = jV2j. Only the COH
heuristic stays within the bound for all cases.

6 Heuristics for the OPAS2 Problem

In this section, we examine heuristics for the OPAS2 problem which is to determine
for a given join graph and a �xed bu�er size, the least upper bound on the number
of page reaccesses.

The existing heuristics for this problem are simply extensions of the OPAS1
heuristics to handle page fetches when the bu�er becomes full. That is, the algorithm
in Figure 4 is extended with another heuristic selectVictim to select a victim page
for replacement when an incoming page cannot be accomodated in the bu�er. The
extension of the algorithm in Figure 4 is shown in Figure 6. The bu�er is �rst

Algorithm OPAS2 (G;M)

Input: G = (V;E) is a connected join graph.

M is the available bu�er size.

Output: S = < p1; p2; : : : ; pr > is a page access sequence (pi's need not be distinct) and r � jV j.
R is a sequence of victim pages selected for replacement.

/* Steps 1 to 9 are identical to the OPAS1 algorithm (Figure 4) */

5.1) if (jfv 2 V jmark(v) = truegj =M) then /* bu�er is full */

5.2) begin

5.3) q := SelectVictim(G,pi); /* Select victim page */

5.4) mark(q) := false; /* q is replaced; need to be fetched again */

5.5) end

Figure 6: Algorithm of Existing OPAS2 Heuristics (FPH & OH)

checked to see if it is already full (line 5.1) before fetching the next selected page p.
If so, another heuristic SelectVictim (line 5.3) is used to select the \best" resident
bu�er page (known as the victim page) to be replaced by p. The victim page needs
to be fetched again subsequently (line 5.4) since it still has not joined with all its
adjacency pages in the join graph (as implied by its residency in the bu�er).

For the FPH heuristic [3], the victim page is the resident page with the smallest
non-resident degree. For the OH heuristic [10], the victim page is the resident page
that (a) has the smallest non-resident degree, and (b) is not connected to the new
page to be fetched. However, if all the pages in the bu�er are connected to the new
page, then only criterion (a) determines the victim page. For both heuristics, the
rationale for selecting the resident page with the smallest non-resident degree as the
victim page is based on a pessimistic view of the bu�er situation: in the worst case,
the number of times that a replaced page needs to fetched again into the bu�er is
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equal to the number of non-resident pages that it is connected to.
We have also extended the COH heuristic to handle page replacements for the

OPAS2 problem as shown in Figure 7. The algorithm for the OPAS1 problem

Algorithm OPAS2 (G,M)

Input: G = (V;E) is a connected join graph.

M is the available bu�er size.

Output: S = < p1; p2; : : : ; pr > is a page access sequence (pi's need not be distinct) and r � jV j.

R is a sequence of victim pages selected for replacement.

1) mark(v) := false for all v 2 V ; /* Initialize bu�er to be empty */

2) i := 0; k := 0;

3) repeat

4) i := i+ 1;

5) Sji := SelectSegment(G); /* Select the ith segment to fetch */

6) repeat

7) k := k + 1;

8) pk := SelectPage(G,Sji);

9) if (jfv 2 V jmark(v) = truegj =M) then /* bu�er is full */

10) begin

11) q := SelectVictim(G,pk); /* Select victim page */

12) mark(q) := false; /* q is replaced; need to be fetched again */

13) end

14) mark(pk) := true; /* Fetch pk into the bu�er */

15) Delete all the edges (u; v) 2 E where mark(u) = mark(v) = true; /* Perform join */

16) Delete all the vertices in V with zero degrees; /* Remove available pages */

17) Delete pk from Sji ;

18) until (Sji = ;);

19) until (V = ;);

Figure 7: Algorithm of New OPAS2 Heuristic (COH)

(Figure 3) has been extended with two additional heuristics, SelectPage and Se-

lectVictim. Unlike in the OPAS1 problem, where only the sequence of fetching
segments matters, the sequence of page access within each selected segment is also
important in the OPAS2 problem. This is because the bu�er size is now bounded
which means that when the available bu�er pages is less than the number of pages in
the selected segment, some bu�er pages will have to be replaced (and later fetched
again) as pages from the segment are brought into the bu�er. Thus the sequence
of page access from each segment makes a di�erence to the total number of page
reaccesses. Consequently, a heuristic is also needed to select the victim page to be
replaced.

To select the next page to fetch from a segment, the SelectPage heuristic chooses
the page with the largest resident degree. The intuition for this is to perform as
many joins as possible for each page fetched into the bu�er so as to minimize the
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number of subsequent page reaccesses. To resolve ties, the page with the smallest
non-resident degree is selected. For the selection of victim pages for replacement,
the SelectVictim heuristic selects the page with the smallest non-resident degree,
which is similar to existing heuristics.

7 Performance Comparison of OPAS2 Heuris-

tics

In this section, we compare the performance of the extended heuristics for the OPAS2
problem. The experiment parameters includes all the parameters in the previous
comparison of the OPAS1 heuristics: type of join graphs, size of join relations, type
of heuristics, and edge ratio of join graphs. An additional parameter is the bu�er
size (in terms of number of pages).

To limit the number of experiments, the edge ratio parameter is �xed to be 10%.
For each class of join graphs (characterized by the join graph type and size of join
relations), 20 random join graphs are created and the number of page reaccesses
measured for the di�erent OPAS2 heuristics and bu�er sizes. We compare the
performance of two di�erent OPAS2 heuristics based on the the di�erence of their
mean number of page reaccesses (for 20 join graphs). Let R(h) denote the mean
number of bu�er page reaccesses using heuristic h.

The comparison of the COH heuristic against the FPH heuristic for general join
graphs is shown in Figure 8. For each graph, the Bopt value denotes the optimal
bu�er size using the COH heuristic; i.e., the bu�er size when R(COH) = 0. As
expected, as the bu�er size increases from Bopt, the di�erence in the number of page
reaccesses decreases and will eventually reduce to zero. As the bu�er size decreases
from Bopt, the performance gain gradually increases to a peak and then decreases.

Figures 9 and 10 show the results for bipartite join graphs with jV1j = jV2j, com-
paring heuristic COH against heuristics FPH and OH, respectively. These graphs
exhibit the same trend as those comparing the general join graphs in Figure 8. When
the bu�er size is reduced below a certain threshold, the other OPAS2 heuristics over-
take the COH heuristic.

8 Conclusions

In this paper, we examined the issue of scheduling page access in join processing.
In particular, two related problems were addressed: (1) the determination of an
optimal page access sequence such that the join can be computed without any page
reaccesses using the minimum number of bu�er pages, and (2) the determination
of an optimal page access sequence such that the join can be computed with the
minimum number of page reaccesses given a limited number of bu�er pages. These
problems (OPAS1 and OPAS2, respectively) arise in many join evaluation strategies
based on the scan-join algorithm, and are critical to the performance of the database
system as they a�ect both bu�er utilization as well as disk I/O cost. Unfortunately,
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both problems are NP-hard.
By modeling a page access sequence as a concatenation of segments, we derived

two desirable properties of a page access sequence namely, that it should not contain
premature page accesses and that it should be a minimal page access sequence.
Based on these properties, we proposed a new heuristic (COH heuristic) for the
OPAS1 problem that produces page access sequences that satisfy both properties;
we also extended the new heuristic for the OPAS2 problem. For the OPAS1 problem,
the new heuristic performs better than existing heuristics; while for the OPAS2
problem, the new heuristic's performance is better than existing heuristics provided
that the number of available bu�er pages is not too much less than the optimal
bu�er size. Furthermore, compared to the OH heuristic, the COH heuristic has a
lower time complexity bound.
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Table 3: Comparison of OPAS1 Heuristics for Bipartite Join Graphs

(a) jV1j = jV2j

jV1j jV2j Edge B(FPH) B(OH) B(COH) B(FPH) B(OH)

(pages) (pages) Ratio(%) (pages) (pages) (pages) - B(COH) - B(COH)

5 323:2 243:6 232:2 91:1 11:4

10 398:8 250:4 247:2 151:6 3:2

15 429:1 251:5 249:9 179:2 1:6

250 250 20 445:7 252:1 250:8 194:9 1:2

25 456:8 251:6 251:0 205:8 0:6

30 464:1 251:0 251:0 213:1 0:0

5 792:9 500:4 491:6 301:2 8:8

10 885:5 501:8 499:6 385:9 2:2

15 921:8 503:0 500:9 420:9 2:1

500 500 20 941:6 501:0 501:0 440:6 0:0

25 952:8 501:0 501:0 451:8 0:0

30 961:8 501:0 501:0 460:8 0:0

5 1769:0 1014:3 996:9 772:1 17:4

10 1874:3 1008:9 1000:6 873:7 8:3

15 1914:8 1003:9 1001:0 913:8 2:9

1000 1000 20 1935:8 1001:0 1001:0 934:8 0:0

25 1949:0 1001:0 1001:0 948:0 0:0

30 1959:0 1001:0 1001:0 958:0 0:0

(b) jV1j < jV2j

jV1j jV2j Edge B(FPH) B(OH) B(COH) B(FPH) B(OH)

(pages) (pages) Ratio(%) (pages) (pages) (pages) - B(COH) - B(COH)

5 323:6 190:7 190:4 133:2 0:2

10 373:1 199:2 199:1 174:1 0:1

15 392:5 200:7 200:8 191:7 �0:2
200 400 20 402:5 201:0 201:0 201:5 0:0

25 408:1 201:0 201:0 207:1 0:0

30 410:8 201:0 201:0 209:8 0:0

5 348:8 193:9 194:8 153:9 �0:9
10 391:9 199:8 200:0 191:9 �0:2
15 409:9 201:0 201:0 208:9 0:0

200 600 20 416:6 201:0 201:0 215:6 0:0

25 420:7 201:0 201:0 219:7 0:0

30 421:9 201:0 201:0 220:9 0:0

5 363:6 196:2 196:7 167:0 �0:4
10 405:4 200:2 200:3 205:0 �0:1
15 420:6 201:0 201:0 219:6 0:0

200 800 20 426:6 201:0 201:0 225:6 0:0

25 427:1 201:0 201:0 226:1 0:0

30 430:3 201:0 201:0 229:3 0:0
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Figure 9: Comparison of OPAS2 Heuristics (FPH vs COH) for Bipartite Join Graphs
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Figure 10: Comparison of OPAS2 Heuristics (OH vs COH) for Bipartite Join Graphs
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