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Abstract. Parallel functional programming plays an important role in
parallel programming [16]. Type system has significant impact on pro-
gram analysis [23]. In this paper, we show how to automatically and
correctly synthesize parallel programs from sequential functional pro-
gram based on the concept of a type system. Our type system captures
the parallelizability of a program, in a modular fashion, by exploring the
ring structures of the program’s operators. It handles programs defined
by self-recursive functions with accumulating parameters, as well as a
limited form of non-linear mutual-recursive functions. In contrast to the
Damas-Milner type system (the typical type system) that is constructed
from the evaluation rules of the underlying language, our type system is
constructed from a set of meta-rules that are used to transform sequential
programs into a special normal form suitable for parallelization. The idea
of this paper has been implemented and used to generate parallel code
of a form, called mutumorphism, a general parallel computation model.
Transforming into such a form is an important step towards constructing
efficient data parallel programs.

1 Introduction

Many computational or data-intensive applications require performance level at-
tainable only on parallel architectures. As multiprocessor systems have become
increasingly available and their price/performance ratio continues to improve,
interest has grown in parallel programming. While sequential programming is al-
ready a challenging task for programmers, parallel programming is much, much
harder as there are many more things to consider, including available paral-
lelism, task distribution, communication overheads, and debugging. A desirable
approach for parallel program development is to start with a sequential program,
test and debug the sequential program and then systematically transform the
program to parallel counterpart.

However, systematic parallelization of sequential programs still remains a
major challenge in parallel computing. Particularly challenging is the automatic



restructuring of programs which makes use of distributive and associative oper-
ators to obtain divide-and-conquer style parallelism.

A traditional approach to this problem is to identify a set of useful algorithmic
skeletons with properties that allow parallelism to be harnessed. These skeletons
are predefined higher-order functions such as map, reduce, etc. We call them
higher-order skeletons. As an example, Blelloch’s NESL language [3] supports
two important parallel skeletons, namely scan and segmented scan, that together
can cover a wide range of parallel programs.

A known problem with higher-order skeletons is that they are non-trivial for
programmers to use, as they require the relevant properties, such as associativity,
to be present in the combining (conquering) operators used. Often, this task is
difficult as it may require the combining operators to return multiple results,
including auxiliary computations that may not be present earlier.

For example, consider the polynomial function definition (in Haskell[20] syn-
tax) :

poly [a] ¢ = a
poly (a:z)c = a+ ¢ X (poly z ¢)

To align it with higher order skeleton, we need to introduce a combining operator
comb2. Thus, the new definition of poly is

poly zs ¢ = fst (polytup xs c)

polytup [a] ¢ = (a, c)

polytup (a : x) ¢ = (a,c) ‘comb2‘ (polytup x c)

where comb2 (p1, u1) (p2, u2) = (p1 + p2 X w1, ug X uy)

Note that comb2 has to compute two values, including an auxiliary result, in
order to be associative. Using it, we are able to match the above definition to
suitable higher-order skeletons, as shown below. In general, coming up with suit-
able associative combining forms can be challenging for parallel programmers.

poly zs ¢ = fst (reduce comb2 (map (\ x — (z,c)) xs))

In this paper, we show that parallelization of sequential code can be automated
to a great extent through automatic program analysis and transformation. We
view parallelization as a meta-level transformation from sequential programs to
parallel programs. As there is a big difference in the control structure of these
two kinds of programs, we perform parallelization in two phases:(1) transforming
parallelizable sequential program to a special form (which is still a sequential
program), and (2) providing a direct mapping from this special form to parallel
program. We name this special form skeleton value (defined in Section 2.3). The
challenge of this parallelization process is to provide an automatic mechanism
to the first phase, which is the focus of this paper. (Details of the second phase
can be found in [31].)

Transformation to skeleton values are defined by a set of normalization rules,
and parallelizability of a program is identified with its normalizability. A type



system is designed to detect parallelizability of a program. We call this new
type system the PType system, where PType denotes Parallelizable Type. Op-
erationally, the PType system can accept any first-order functional programs.
If a recursive function defined over a group operators exhibit a ring structure
(defined in Section 2.1), it is well-PTyped and can be normalized to an s-value,
which can be automatically converted to parallel code. Otherwise, the function
definition will remain as it is.

Underlying the PType system is a new way of reasoning about expressions,
not according to the usual semantic evaluation rules, but rather in accordance
with our normalization rules. This is distinguished from the conventional type-
directed compilation approach to program transformation [29], in which the
correctness of types is shown with respect to the original program semantics.

Our approach is complementary to the traditional higher-order skeleton ap-
proach, and can be used to enhance the usability of the latter. Specifically, tradi-
tional approach encourages users to write non-recursive functions using higher-
order skeletons, while we allow the parallelization of functions defined in their
natural recursive setting.

In the case of function poly defined earlier, our PType system infers that the
expression (a + ¢ x (f 7)) has the type R . Here, + and x in R ) are
the operators that enable context preservation through their associativity and
distributivity properties. More specifically, the present PType system aims to dis-
cover a set of binary operators, within an expression, that obeys an extended-ring
property (defined in Section 2.1). Such discovery guarantees the parallelization
of the sequential programs.

As another example, consider the following variant function,

filla,y))e =a+cxy
filla,y)ia)e=a+ (¢ x (y+ (fzc)))

Even though the variant appears to be quite different from the poly definition, the
PType system is still able to classify f; as having the same PType as that for poly,
namely, R ) yielding a similar parallel code as poly. Parallel codes for both poly
and f; are shown in Figure 1. The only difference between their pair of parallel
code lies in their base cases. Note that parallel codes produced by our system
can be automatically transformed to more efficient codes in mutumorphism form
[13], and even to efficient homomorphisms (i.e. divide-and-conquer algorithm),
by the tupling calculation [5,18,17].

Our type-based approach to parallelization provides a high-level user inter-
face to programmers. It frees them from the operational detail (such as context
preservation testing, normalization and even the concept of the type system)
and enables them to focus on the (extended ring) properties of the operators
involved.

The main contributions of this paper are as follows:

1. We propose a novel type system for parallelization and prove its soundness.
We believe this is the first work on capturing parallelization in type format.



— parallel code for function poly

poly [al c = a
poly (al + ar) ¢ = poly zl c+(prod zl c) x (poly zr c)
prod [a] ¢ = ¢

prod (zl ++ zr) ¢ = (prod zl ¢) x (prod zr c)

— parallel code for function fi
filale =a+c¢xy
fi (@l +ar) c = fi zl e+ (prodi 2l ¢) x (fi zr ¢)
prody [a]l ¢ = ¢
prody (xl ++ ar) ¢ = (prody zl ¢) X (prodi zr c)

Fig. 1. Parallel Codes for poly and fi

2. We propose a systematic and automatable normalization process for turning
sequential programs to a form susceptible to parallelization. OQur process re-
lies on a general property about a group of binary operators, called extended
ring property.

3. We construct a type (PType) system at the meta level, over a set of program
transformation rules. This approach can be distinguished from the conven-
tional type-directed compilation techniques, but akin to the approach taken
by Cousot & Cousot in reasoning program transformation through abstract
interpretation [10].

4. We provide an inference algorithm to reconstruct the parallelizability of func-
tions. Furthermore, we automatically derive its parallel counterpart.

Our PType system handles first-order functional programs. It is amenable
to recursively-defined functions with accumulating parameters and non-linear
recursion. For the clarity of presentation, we illustrate our system without these
two features in the main section and discuss them separately in the later section.

The outline for the paper is as follows. In the next section, we describe the
syntax of the language used in the paper and give an overview of the PType sys-
tem. Section 3 gives a set of typing rules and provides a corresponding inference
algorithm. We illustrate the working of the PType system through examples in
Section 5. Section 6 describes two important extensions (namely, recursive func-
tions with accumulating parameters and non-linear recursive functions) to our
PType system. Section 7 gives experiment results. Related works are discussed
in Section 8. Finally, we conclude the paper in Section 9.

2 Overview

Analogous to Damas-Milner (DM) type system [11], our PType system asserts
some properties about the subject program — their parallelizability. However,



this property is not directly related to the program’s underlying semantics. It is
possible for two function definitions with the same denotational semantics (e.g.
different sorting algorithm) to exhibit different PTypes in our type system, as
one may be parallelizable but not the other.

In order to correctly reason about the PType of a program, we depart from
the usual practice of type construction, and define a program’s PType from a
set of normalization rules, instead of from a set of evaluation rules. Under these
normalization rules, a term in a program may be normalized to a special value,
which we call skeletal value, or s-value. This s-value enables automatic derivation
of parallel code for the original term. The goal of the PType system is thus to
identify as many terms as possible that can be normalized to s-values.

Table 1 gives an analogy between the DM type system (which is at object
level) and the PType system (which is at meta level). Suppose the recursive part

Table 1. Object Level vs. Meta Level

DM Type System| PType System

Subject program functions functions
Basic Values semantic value s-value
Reduction Rules| evaluation rules [normalization rules
Type data type parallelizability
of a sequential function definition is f (a : ) = e where e involves recursive call

(f z). The well-typedness of e asserts that e can be normalized to an s-value.
Consequently, the subject-reduction property of PType system is proven with
respect to the set of normalization rules.

2.1 Context Preservation

In [8], a program restructuring technique, known as context preservation was
introduced to determine if parallelization is feasible. The term “context” here
refers to a contextual expression where the recursive sub-terms have been ex-
tracted.

Consider the polynomial function definition again. As context preservation
is done primarily for the recursive equation of poly:

poly (a:z) c=a+cx (poly x ¢)

the contextual function (which will be called “context” for the rest of this paper)
which extracts away the recursive subterm of the RHS of this equation can be
written as A(e) . @ + 3 x (e). Here, the symbol e denotes an occurrence of
a self-recursive call, while o and (3 denote subterms that do not contain any
recursive call. Such a context is said to be context preserving modulo replication
(or context preservation for short) if after composing the context with itself, we



can still obtain (by transformation) a resulting context that has the same form
as the original context. For the case of function poly, we compose the context
with a renamed copy of itself, as follows:

(A(e) - a1 + 1 x(e)) o (A(e) -z + (2 X (e))

This composition is simplified through a sequence of transformation steps. If
the simplified form matches the original context, we will have achieved context
preservation, as illustrated below.

(A(®) - a1 + B x(9)) o (A(e) . az + B2 x (e))
— function composition

=X(®) . a1+ [ x(a2 + F2 x (9))
— X is distributive over +

=A(®) . a1 + (B1 X2 + 1 X (B2 x (9)))

— 4, X being associative
= A(®) . (a1 + B xa2) + (B x Ba2) x(e)
— it matches the original form
— as we can write it in the following form
=A@ . a+ 3 x(e)
— where a = a1 + 81 X az and = 31 X B2

This transformation process is called normalization. Currently, the normaliza-
tion process described in [6] is ad-hoc, and relied on some heuristics related to
the associativity and distributivity of binary operators involved.

Our first contribution in this paper is to introduce an extended ring property
of the operators which guarantees automatic detection of context preservation.

Definition 1. Let S = [®1,...,®,] be a sequence of n binary operators. We
say that S possesses an extended-ring property iff

1. all operators are semi-associative;
2. each operator & has an identity, denoted by tg;
3. @; s distributive over ®; V1< ¢ < j < n.

The semi-associative law states that ey @ (ex @ e3) = (e & ) P e3
where @' is the associative dual of ®. Note that associativity is a special case of
semi-associativity whereby @’ = @. Furthermore, the identity of each operator
@ satisfies: for all possible operand v, we have: 1y & v =v & 1g = v.

For example, in the domain of non-negative integers, operators mazx, + and X
in that order form an extended ring. Their identities are 0, 0 and 1 respectively.

2.2 Language Syntax

We apply our technique to a first-order typed functional language with strict
semantics. The syntax of our source language is given in Figure 2. We require
programmers to annotate properties of binary operators used in the program.
For example, annotation #(Int, [+, x], [0, 1]) is needed for the function definition
poly. The annotation tells the system that, for all integers, operators + and x



satisfy the extended-ring property with 0 and 1 as their respective identities.
(Note: annotations for system-defined operators are pre-stored in a library. Only
user-defined operators’ properties are required to be annotated by programmers
in the implemented system.)

T € Typ Type
n € Cons Constants
¢ € Con Data Constructors
v € Var Variables
& € O0p Binary Primitive Operators
v € Ann Annotations
Y ou= #(T7 [@17"'7@"]7[[’@17"'?L®n])
e,t € Exp Expressions
e,t ==  nlv|cer...en|er B e
| feoer ... en| letv = e1 inesg
| if ep thene; elsee;
p € Pat Pattern
p u= v]cvr ... vn
o € Prog Programs
o = v, (fivopr ... pn = €)"Vi.i> 1
where fi isthe main function.

Fig. 2. Syntax of the source language.

Function definitions in this paper are written in Haskell syntax [20]. For the
rest of the paper, we shall discuss detection of parallelism for recursive functions
of the form

fla:x) = E[({t:)2, (g5 x)j=1, (f7)]

where f is inductively defined on a list. This form was first described in [19].
E[] denotes an expression context with three groups of holes (). It itself contains
no occurrence of references to a, x and f. )7, is a group of m terms, each
of which is allowed to contain occurrences of a, but not those of references to
(f ). (g ©)j—, denotes a group of n function applications, each of which is a
mutumorphism (aka., parallelized function, c.f. [19]). Lastly, {f z) is the self-
recursive call.

As our analysis focuses on the syntactic expressions consisting of recursive
calls, all variables directly or indirectly denoting an expression consisting of
recursive call(s) need to be traced. We call such variable a reference to recursive
call whose detailed definition is given below.



Definition 2 (Reference to Recursive Call). 4
variable v is said to be a reference to recursive call(s) if the evaluation of v leads
to an invocation of a recursive call.

Consider the following function definitions

fla:z)=1letvy =1+ hrina + w»
frla:z) =letvy =1+ 52
inletu = 2 4+ vgina + u,

variable vy is a reference to the recursive call (f; z) as it names an expression
which encloses a recursive call. In f3, variables u and v3 are references to recursive
call. Variable u indirectly depends on the recursive call since it contains vs.

For ease of presentation, we consider the following simplifications to our
language that can be overcome in our full implementation.

— Each recursive function has only one recursion parameter located at position
po. (We shall discuss how to deal with multiple recursion parameters and
accumulating parameters in Section 6.1 and Section 6.2 respectively).

— There is only one occurrence of parallelizable auxiliary function, denoted by
(q z). (Users are allowed to use (¢1),...,(gn ) in their program because
we can tuple (1), ..., (gn ) to obtain a single (¢ z) with the technique in
[5, 18] as they are known to be homomorphism before normalization.)

— The recursive call (f x), or its references, only appears in the right operand
of any associative operator. (If it appears in the left operand, symmetric
typing/normalization rules can be easily introduced.)

— The recursive call (f z), or its references, does not occur in the test of if
expression. (As context preservation of such functions require complex use
of invariants [7] that are not presently captured by our system.)

— Recursive functions are all linear self-recursive. (We show how to parallelized
non-linear recursive function in Section 6.3).

A function definition is said to be linear self-recursive if every execution path
represented in its RHS expression contains references to at most one self-recursive
call.

For example, the function f; is linear self-recursive:

fill =0
fala:z) = ifa< Othenfyzelsea + (fy z)

whereas the function f; is not, because it will invoke two references to (f5 )
during the execution of the let-body:

L1l =0
fila:z) =letv = a+ (f52) inv + v



2.3 Skeletal Values

S-values (defined in Figure 3) are possible (also desirable) final results of nor-
malization as they can be directly translated into parallel codes. S-values belong
to a class of expressions conforming to a fix set of patterns which are paralleliz-
able. In the figure, we use e (the same as in Section 2.1) to denote a self-recursive
call in a function definition.

sv € S—Values

sv == bvu | if {, then (, else bv
bv = 0| (C1 B1 ... Bn-1 Cn Bn @)
¢( € C-Exp

¢ == Cla, (¢2)]

where C'is arbitrary expression context not
involving references to e

Fig. 3. Skeletal Values

An s-value of the form ({; ®1 ... ®p_1 (u Dn @)' is said to be composed
directly by the sequence of operators [®1, ..., ®,] with extended-ring property
(defined in Section ??). An s-value of the form if (, then (; else lv is said to
be in conditional form. Its self-recursive call occurs only in its alternate branch.

From [8,19], we know that given the recursive part of a function body e,
if e is context preserved, the function is parallelizable. In the following lemma,
we show that all s-values are context preserved. Consequently, any expression e
that can be normalized to an s-value is context preserved.

Lemma 1 (S-Values are Context Preserved).
Given a recursive part of a function definition f (a:x) = e, if e is an s-value,
then e can be context preserved.

Proof. The proof is based on the definition of context preservation described
in [8,19]; ie., an expression e = F[( ;)™ ,,( g z), ] is context preserved if the
following holds:

BI( ALy (g (y ++2)), B(Bi)iLy, (g ), 8]] = E[( })iL1,( ¢ 2), 8],

It is easy to check that any recursive function with an s-value as its RHS can
also be expressed in the form:

fla:x) = B[(t:){2y, (g5 x)j=1, (f7)]

L It is equivalent to (G1@1 (- Bn-1(Cn Bre)...)). We omit brackets in the expres-
sion for simplicity.



Note: we let Ci[a,(qz)] = t;(¢z) and t; = A2.((gia) 2) V1< i < n for
arbitrary g;. Operator @, refers to the first operator of the sequence S in Rg
where Rg is the PType of the function gq.

We prove the lemma by analysing the structure of s-values. The first two cases
prove that bv is context preserved. Case 3a and 3b prove that conditional form
is context preserved when [lv is bv. Case 4 proves that local abstraction form is
context preserved. Case 5 proves that conditinal form is context preserved when
lv is in local abstract form.

Case 1: e = o It is vicciously true.
Case2: e=(t1 (qz) &1 (b2 (qz) B2 ... Bp_1 (tn (q2) Bne)))
This context is preserved since

El(A:)i—, (q (y +2)), E[(Bi)i_y,(q z),9]|

= E[(t)i-1.(q ), 9]

where

V1< i< n.

=Xzt (qy g 2)Bi ... Bt ln(qy ©q 2) & b 2

Case 3a: e = if t; (¢ =) then (¢ z) else o
This context is preserved since

E[( Ay, (q (y+2)), E[(Bi)iy, (q 2),9]]

= E[(t)i-1, (q z), 9]

where

tt =X2.41(¢ &y 2) V Bz

ty = Az.if Ay (¢ @4 z) then Ay (¢ &4 2)else By z

Case 3bie = if t,41 (¢ z) then t,,2 (¢ )
else t1 (qz) ®1... Bpo1 bt (qz) Dy @
For simplicity of presentation, we only prove context
E[(ti)i1,(a2),8] = Rig, ,) =
if t3(¢ z) then t,(qz)else t; (qz) ®1 2 (qgz) Do
It is not difficult to generalize the proof to get a complete proof.

— checking context preservation
if A3 (q (y++2))then Ay (q (y++ 1))
else A1 (¢ (y +H 1)) &1 A2 (¢ (y + ) Do
(if Bs (q z)then By (q z)
else By (¢z) ®1 Ba (qz) @2 o)
— lifting if out
=if A3 (q (y+z))then Ay (¢ (y ++ 1))
else (if B3 (q z)
then A; (¢ (y +Hz) @1 Aa (¢ (y ++ 2))
©2 By (qx)
else 4; (¢ (y ++ 1)) ®1 Az (¢ (y +H )
)

@2 Bi(qz) @1 B2 (qz) B2 0)
— merging two ifs



=if (43 (q (y ++ 1))V Bs ( z))
then (if (A3 (¢ (y + then Ay (q (y H2))
else A1 (¢ (y ++2)) &1 A2 (¢ (y ++12))
@9 By (q :E)

else A1 (¢ (y ++2)) &1 A2 (¢ (y H2)) &2 Bi(g2)

@1 B2 (qz) @2 0)
=if Az. A3(qy &4 2))V B3 z) (qx))
then (A z.if (A3 (qy @4 2))then A4 (qy @4 2)
else A1 (qy @y 2) ®1 A2 (qy Dy 2)
©2 By z)(q7)

else (Az. A1 (qy®, 2)) ®1 A2 (qy®y 2)) B2 Bz

@1 Brz)(qz) B2 @

2.4 Normalization Rules and Normal Forms

Figure 4 defines some normalization rules on expressions. They preserve the
denotational semantics of those expressions of which the standard evaluation
terminates.

The relation e ~ ¢’ defines a one-step normalization of expression e to e’.
Its transitive closure defines a normalization process. The symbol sv represents
an s-value, whereas bv and v represent s-values of syntactic categories bv and
lv respectively.

All normalization rules observe the following property: an expression may
be subject to mormalization only when it encompasses some self-recursive calls,
denoted by e. Application of the normalization rules is deterministic.

When an expression e cannot be normalized by any of the rules, we say e is
in normal form, and denote it by “e 7.

The rules in Figure 4 deal with binary operations and let expressions. We as-
sume that all binary operators are strict on both arguments. In N-op, we assume
that the self-recursive call only appears in the right operand, and attempt to
normalize the right operand first. Extending the normalization to handle calls
appearing in either operand can be easily handled by introducing symmetri-
cal normalization rules. N-distr and N-semiassoc try to normalize the entire
binary operation after the right operand has been normalized to an s-value com-
posed directly by a sequence of binary operations. N-1iftIf lifts if to the top of
the expression. The normalization is correct with respect to the strict semantics.
N-sv and N-grpN ensure that the self-recursive call occurs only in the alternate
branch of the top-level conditional. N-1let attempts to normalize e; to an s-value
(if €1 contains recursive call) while N-in attempts to normalize es to an s-value
before v in ey is substituted with e;. N-sub is applied when both e; and ey are
in normal form. Such unfolding of local definition may cause code duplication,
and it can be compensated by a common-subexpression elimination phase after
the parallelization transformation, in order to maintain efficiency.

The rules in Figure 5 and 6 handle normalization of conditionals. N-else
and N-then attempt to normalize the branches of the conditional. N-grpR1,



e ~ e

(®ie~ (P e

(N —op)

bUZCQ @i bur 1 <]
C1 @5 b~ (G 5 ¢2) © (G D; bur)

(N — distr)

bv = (2 ® bus
G ® bv ~ (G @' C2) @ bur

(N — semiassoc)

(1 @ if (o then (s else bv ~ if (o then (1 ® (2 else (1 B bv (N — 1iftIf)

if (o then sv else (2 ~ if = (o then (s else sv (N — sv)
if (o then ¢ if (o vV ¢2)
else (if ¢ then (; else bv) ~ then (if (o then ¢y else ¢(3) (N — grpN)
else bv
€1 ~ 6/
. (N — let)

letv=ciines ~ letv =e¢}ines

e1r 4 ez ~ €

N—in
letv=-e;ines ~ letv=e;ine) ( )

617/* 627/*>

letv=-e1ines ~ eafv — e1]

(N — sub)

Fig. 4. Normalization Rules I

N-grpR2 and N-grpR3 consider three cases of nested conditionals in which the
self-recursive calls appear in more than one branches. They aim to contain these
calls within the alternate branch of the top-level conditional. N-rmTest elimi-
nates redundant conditional test, whereas N-pushIf1 to N-pushIf5 transform
“conditionals of binary operations” into “binary operations over conditionals”.
This is accomplished by introducing identity elements of the respective binary
operators.

Property 1 (Normal Form). All s-values are in normal form.



er ~ e) ez

if ( then e; else ex ~ if ( then e] else e

(N — then)

ey ~ eh

- - - (N — else)
if ( then e else ez ~~ if ( then e; else e;

sve = if (1 then (; else bvs

if Cothen buy else svs ~ if (= Co A (1) then (s (N — grpR1)
else (if (o then bu; else bvy)

sv; = if (1 then (2 else buy

if (othen sv; else bvs ~ if ({o A (1) then (o (N — grpR2)
else (if (o then bv; else buwo)

sv1 = if (1 then (s else bv;

SV = if Cg then <4 else bvg (N _ grpR3)

if (o then sv; else svo ~ if ((o A (1) then (o
else (if (o then bv; else sv2)

Fig. 5. Normalization Rules IT

Normalization of an expression always terminates. If the normal form is an s-
value, the generation of parallel code is guaranteed. Otherwise, the expression
cannot be parallelized by our PType system.

3 PType System

Normalization of an expression terminates with three possible kinds of normal
forms: (1) one that does not contain any self-recursive calls; (2) one that is an
s-value; and (3) one that contains self-recursive calls but is not an s-value. The
objective of PType system is to classify an expression symbolically according to
the kind of normal form it can normalize to.

PType expressions are defined in Figure 7. PType consists of NTypes and
RTypes. An NType is a collection of syntactic expressions that do not contain
any occurrences of self-recursive call e or its reference. On the other hand, an
RType is a collection of syntactic expressions that contain occurrences of e, and
can be normalized to s-values. The S in Rg is a sequence of n binary operators
satisfying extended-ring property. For example, for the self-recursive equation of
the following function definition

f6 (a:z) =5 ‘maz’ (a+2 X (fs 1)),



if (theneelse o ~ o (N — rmTest)

b’Ul = Cl P b’l}g b'UQ = C2 ®Di b’U4

if Cothen bu; else bug ~ (if Co then (1 else ) @; (¥ — pushIfl)
(if Co then bus else buy)

1< J
by = Cl D; bUg bva = CQ @j bus (N —pushIfQ)

if (othen bu; else buz ~ (if (o then (; else 1;) B;
if (o then bus else buz)

1>
bui = (1 @i bus bua = (o Dj bug (N — pushIf3)

if (o then bu; else bvy ~ (if (o then ¢; else (2) ®;
if (o then bv; else buy)

bvi =0 bva=C D; e

if (o then bv; else bvy ~~ (if (o then ¢; else (o) ®;
if (o then e else o)

(N — pushIf4)

bvi =C @i @ bua=e

if (o then bv; else bvy ~~ (if (o then (1 else ¢;) B;
if (o then e else o)

(N — pushIf5)

Fig. 6. Normalization Rules III

its RHS has type Rjyaz,+,x]-

p € PType

pu= 1| ¢
¥ € NType

P = N

¢ € RType

¢ == Rg

where S is a sequence of operators

Fig. 7. Type Expressions



Any expression containing e but cannot be normalized to an s-value is con-
sidered ill-typed in our PType system.
We write [[p] to denote the semantics of PType p. Thus,

[[N]] = C—EXI),

where C—Exp is defined in Figure 3.
Given S = [op1, ..., 0p,| with extended-ring property, then

[Rs] = {e] e~*¢€ A € isan s-wvalue
A €’ is composable by operators in S},

where ~~* represents a normalization process.
Note that we say the expression e’ is composable, rather than composed
directly, by a set of operators. There are two reasons for saying that:

1. ¢’ need not simply be an s-value of bv category; it can also include conditional
and local abstraction, but its set of operators must be limited to S.

2. As operators in S have identities, we allow e’ to contain just a subset of
operators in S. We can always extend e’ to contain all operators in S using
their respective identities.

The last point implies that the semantics of RType enjoys the following subset
relation:

Lemma 2. Given two sequences of operators Sy and Sz, both with extended-ring
property. If Sy is a subsequence of Sa, then [Rs,]] C [Rs,]-

The above lemma induces the following type subtyping relation:

Definition 3 (Subtyping of RType). Given two sequences of operators S1 and
Sa, both with extended-ring property. We say Rg, is a subtype of Rg,, denoted
by Rs, <: Rs,, if and only if S1 < Sa (where “S; < S2” means “Sy is a
subsequence of S2”).

A type assumption I' binds program variables to their PTypes. A judgment of
the PType has the form
I'kHyexp

This states that the expression e has PType p assuming that any free variable
in it has PType given by I' and x is an expression that may occur in e. k is
either a self-recursive call or a reference to such call. It represents the currently
active reference (the detail can be seen in the type-checking rule for let.) Before
type checking the RHS of a recursive definition of f, we initiate x to be the term
(f x). we also assign in, I', PType N to the recursive parameters of f.

Analogous to the well known Damas-Milner type system, we can now state
the objective of PType system through the notion of well-PTypedness.

Definition 4 (Well-PTypedness). Given a recursive equation of f defined by
f(a:z) = e. The expression e is said to be well-PTyped if there is some PType
p such that I' =5 5y e = p, where I' assigns a to N and z to N.
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I'kteeruN T'beexp (p=N)V (p=Rs A& €S (op)
op

'ty (e1 @ e2)p
I'bteeuN Ibgernpr I''beexiipe Vi (p,p1,p02) (i)
i

I' -, (if eo thenejelseez) :: p
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- (let —R)

I' b, (letv=-e;iney) :: Rg
I'toexN g¢ FV(k) ®)
I' b (ge) = N g

It e: <: 0

p p<ip (eub)

I'ksexp

Fig. 8. Type-Checking Rules

3.1 Type-Checking Rules

The PType of a function f is defined as the PType of the RHS of its recursive
equation. Figure 8 lists the type-checking rules which are explained below.
Since any expression not enclosing any references of the recursive call (f )
will be given NType. Thus, both constants and variables not referencing the
recursive call are given NType, as shown in the rules (var-N) and (con).



Use of variable referencing self-recursive call will be given an RType if it is
the currently active references; ie., it is the same as k. The self-recursive call
(f z) will also be given an RType. We note that any use of inactive references are
ill-PType, as there is no corresponding rule for it. This is reasonable, since such
use is non-linear.

In rule (op), binary operations over expressions of NType yield expressions
of NType. Again, we restrict our discussion to the case where the self-recursive
call occurs in the right operand. Thus, the operation yields an RType if the
right operand is already so, and the operator under investigation is part of the
sequence S.

We restrict any references to the self-recursive call from appearing in conditional-
test position. Thus, in rule (if), a conditional expression is of NType if both its
branches are of NType. On the other hand, it is of RType if one of its branches
is of RType. When both branches are of RType, the conditional will be of RType
provided both branches can be normalized to s-values composable by operators
in S (aka. Rg.) These inferences are expressed by the operator s7i¢, which is
declared as follows:

vif(p7p7p) vif(RSaNaRS) vif(RS7RS7N)

There are two rules for let-expression. Rule let-N applies to expressions with
no recursive-call references in e;. Thus, the resulting type depends on the type
of es. Rule 1et-R applies to expressions with recursive-call references occurring
in e; and variable v is used in the expression es.

Note that in the rule (let-R), the deductive operator has changed from +
to F,. This means that in ep, v is the sole active reference to the recursive
function. Thus, the following two expressions will fail the PType check: In the
first expression, the recursive call is non-linear; in the second expression, the use
of v is non-linear.

let v =fz in fx
let v =fz inlet v = v in v

In rule (g), the application of an auxiliary function ¢ is of NType if its ar-
gument e is of NType too. Otherwise, such application may not be effectively
parallelized [12], and the application will be deemed ill-PTyped.

Note that while we consider the presence of mutumorphisms, such as (¢ z),
during normalization, we need not formulate a separate typing rule for such
application. In fact, the distinction between (¢ z) and ordinary auxiliary function
call is only required at parallelization phase.

The (sub) rule provides a linkage between the subtyping and typing relations.

3.2 Soundness of PType System and Strong Normalization

In this section, we provide the soundness of our type-checking rules with respect
to normalization process by proving the progress and preservation theorems.
Note: For Theorem 1, Theorem 2 and Theorem 3, expressions that do not contain
recursive call or references to recursive calls are not in the scope of these proofs.



Soundness of PType System For the proof of the progress theorem, it is
convenient to record a couple of facts about the possible shapes of the canonical
forms of RType.

Lemma 3 (Canonical Forms). If e is an s-value of PType Rjg, . @, where
Vn.n> 0 (when n =0, it is R})), then e is either ((1 @1 ... D @) or (if (4
then (; else ({1 &1 ... D, 9)).

Proof. The grammar in Figure 3 gives the desired result immediately.
Theorem 1 (Progress). IfI' b, e :: Rg, then either e is an s-value or e ~ ¢’.

Proof. By induction on the normalization of e :: Rg. The self-rec case is im-
mediate since e is an s-value. For the other cases, we argue as follows.
Case (var-R): Since v is in I', by induction hypothesis, the result is immediate.

Case (op) where (p=Rs A ® € S): By induction hypothesis, either es is
an s-value or else there is some e} such that ex ~» €. If ey is an s-value, either
e is an s-value or the canonical forms lemma assures us that e; must be one of
the canonical forms in which case either N-distr, N-semiassoc or N-1iftIf1
applies to (e; @ ez). On the other hand, if es ~~ €}, then N-op applies.

Case (if) where v/ is (Rs, N, Rg): By induction hypothesis, either ey is a s-
value or else there is some e} such that ey ~» ¢e}. If ez is an s-value, e is either
an s-value or the canonical forms lemma assures us that e; must be the third
form in which case N-grpN applies. On the other hand, if e; ~ €}, then N-else
applies.

Case (if) where v/ is (Rs, Rg, N): By induction hypothesis, either e; is a s-
value or else there is some e] such that e; ~ ej. If ¢; is an s-value, rule N-sv
applies. On the other hand, if ¢; ~ e{, then N-then applies.

Case (if) where v ir (Rs, Rs, Rg): If both e; and ey are s-values either rule
N-grpR1, N-grpR2, N-grpR3, N-rmTest, N-pushIf1-5 applies. If e; is not an
s-value but e is an s-value, rule N-then applies. If ey is not an s-value, N-else
applies.

Case (let-N) where ey :: Rg: If es is an s-value, N-sub applies. If it is not,
N-in applies.

Case (let-R): If ¢ is not an s-value, N-let applies. If e; is an s-value and
e2 is not an s-value, N-in applies. If both e; and es are s-values, N-sub applies.
O

Theorem 2 (Preservation). If e :: Rg and e ~~ €', then ¢’ :: Rg

Proof. By induction on a derivation of e :: Rg. At each step of the induction,
we assume that the desired property holds for all subderivations and proceed by



case analysis on the final rule in the derivation.
Case (var-R): Since v is in I', by induction hypothesis, the result is immediate.

Case (rec): If the last rule in the derivation is (rec), then we know from
the form of this rule that e must be . Since e is an s-value, it cannot be the
case that e ~ ¢’ for any €', and the theorem is vacuously satisfied.

Case (op) where (p = Rs A @ € 5): If this is the last rule in the derivation, we
know from the form of this rule that e may have the form { & ey, for some (
and e;. We must also have subderivations with conclusions ¢ :: N, e3 :: Rg and
@ € S. Now, looking at the normalization rules with such form on the left-hand
side in Figure 4, we find that there are four rules by which e ~» ¢’ can be de-
rived. We consider each case separately.

Subcase N-op: Applying induction hypothesis to subderivation e; ~~ eb, we get
e} :: Rg. We can apply rule (op) to get (¢ @ €}) :: Rg.

Subcase N-distr: If e ~ ¢’ is derived using N-distr, then from the form of
this rule we can see that (3 = N, (¢2 ®; bui) = Rs and @; € S. we also know
(1N, (3N, by : Rg and ¢; € S by hypothesis. With rule (op), we can
obtain ((1 @j (2) o N, (Cl @j b’Ul) o RS and ((Cl @j CQ) D; (Cl @j b'()l)) o RS.

Subcase N-semiassoc: If e ~ ¢’ is derived using N-semiassoc, then from the
form of this rule we can see that ¢ :: N, ({2 @ bvy) : Rg and &; € S. we also
know (1 :: N, (3 :: N, bu; :: Rg and @ € S by hypothesis. Applying rule (op),
we obtain (¢1 @' {2):: N and (((1 &' (2) @ bvy) :: Rg.

Subcase N-1iftIf: Applying induction hypothesis to subderivations, we get (if
Co :: Nthen(y :: N elselv :: Rg) :: Rg. Applying rule (op), we get ({1 @; ) :: Rg
and (¢1 @i C2) :: N. Applying rule (if), we get (if {p then (1 ®; (2 else (1 ®;
) :: Rg.

Case (if) where v/ is (Rs, N, Rg): If this is the last rule in the derivation, we
know from the form of this rule that (if ey :: N then ¢; :: N else e3 :: Rg) :: Rg.
We find that N-else and N-grpN can be applied. We consider each case sepa-
rately.

Subcase N-else: Applying induction to subderivation ey ~~ €5, we get €} :: Rg.
Applying typing rule (if), we get (if ¢ then e; else €}) :: Rg

Subcase N-grpN: Applying rule (op), we have (o V (2) :: N and applying rule
(if), we have (if (pthen (3 else (3) :: N. Applying induction to subderivation
(if {» then (3 else lv, we get lv :: Rg. Applying rule (if), we obtain (if ({p
V (2) then (if {pthen (; else (3) else lv) :: Rg.



Case (if) where it (Rg, Rg, N): Applying induction on subderivations, we
get (o :: N, sv :: Rg and (o :: N. We find that N-then and N-sv can be applied.
We consider each case separately.

Subcase N-then: By induction hypothesis, ef :: Rg. Applying rule if, we have
(if ¢p then ¢f else (2) :: Rg

Subcase N-sv: Applying rule (g), (o :: N. Applying rule (if), (if —~(y then
else sv) :: Rg.

Case (if) where v it (Rs, Rs, Rs): If this is the last rule in the derivation,
then we know from the form of this rule that e must have the form (if ¢y then
61 :: Rg else e; :: Rg) :: Rg. Now, looking at the normalization rules with such
form on the left-hand side in Figure 5 and 5, we find that there are eleven rules
by which e ~» ¢’ can be derived. We consider each case separately.

Subcase N-then: Applying induction to subderivations, we get e :: Rg and
e2 i+ Rg. Applying rule (if), we have (if ey then e] else e;) :: Rg.

Subcase N-else: Similar to that of Subcase N-then.

Subcase N-grpR1: Applying induction to subderivation, we get (o, (1,2 it N,
svi, lvy i Rg. Applying rule (g), we have —(p :: N. Applying rule (if), we
have (if (o then sv; telse lv) :: Rs. Applying rule (if) again, we obtain ((if
—(o A (1 then (; else (if {y then sv; else lv1)) :: Rg

Subcase N-grpR2 & Subcase N-grpR3: Similar to that of Subcase N-grpR1.
Subcase N-rmTest: Apply induction to subderivation, we get @ :: Rg.

Subcase N-pushIf1: Apply induction to subderivations, we get (o, (1, (2 :: N and
bus, bug :: Rg. Applying rule (if), we can get (if(p then (; else (») :: N and (if
¢o then bus else buy) :: Rg. Applying rule (op), ((if {pthen (; else (o) @, (if
¢o then bus else buy)) :: Rg

Subcase N-pushIf2 to Subcase N-pushIf5: Similar to that of Subcase N-pushIf1.
Case (let-N): If the last rule in the derivation is (let-N), we know that e must
have the form (let v = e;:: N ines :: p) :: p. It matches either N-in or N-sub.

We consider each case separately.

Subcase N-in: By induction hypothesis,e} :: p. Applying rule (let-N), we get
(let v=-r¢ ine€b)::p

Subcase N-sub: The result is immediate.



Case (let-R) where W iet (Rs, Rs, Rs): If this is the last rule in the deriva-
tion, then we know from the form of this rule that e must have the form (let
v=-e1 :: Rgin ey :: Rg) :: Rg. Now, looking at the normalization rules with such
form on the left-hand side in Figure 4, we find that there are three rules by
which e ~ ¢’ can be derived. We consider each case separately.

Subcase N-let:By induction hypothesis, e; and e; have the same type. Thus,
applying rule (let-R), let v = ef in ey has the same type as let v = ¢; in es.

Subcase N-in: By induction hypothesis, e) and e; have the same type. Thus,
applying rule (let-R), let v = e in €} has the same type as let v = e in es.

Subcase N-sub: The result is immediate. O

Strong Normalization In this section, we prove that a well-PTyped expression
is strong normalizing with respect to the normalization rules in Figure 4, 5 and
6.

We prove it by induction on the size of the syntax tree. Usually strong nor-
malization property cannot be proven using the size of the syntax tree as a
function application may increase the syntax tree to an arbitrary size. However,
in our case, we work at meta-level so that we can employ this technique with
the help of the definitions of atomic expression and effective syntax tree.

Definition 5 (Atomic Expression). An atomic expression is either an ex-
pression of NType or a recursive call.

All atomic expressions are in normal form as there is no normalization rule
can be applied to them.

Definition 6 (Effective Syntax Tree). An effective syntax tree is a syntax
tree built from atomic expressions.

An atomic expression in an effective syntax tree is considered as one node.
Thus, the size of each atomic expression in the tree one.

For example, we have function f (a:z) = (1 + a*2) + (f =) the depth of
its effective syntax tree is two though the size of its concrete syntax tree is four.

There are three cases that may lead to increasing of the size of the syntax
tree in the proof of strong normalization in lambda calculus.

1. recursive call
2. function application (other than recursive call)
3. let-expression

In this section, we analyse each case to show that why they are no longer a
problem in our strong normalization proof.



Case 1 (recursive call): Our system works at meta-level. Thus, a recursive
call is treated as an atomic expression (i.e. @ in the earlier part of the thesis).
This means no substitution takes place.

Case 2 (other function application): Similarly to the reason in Case 1, other
function applications (i.e. (¢ z) or (¢ ) mentioned in the earlier part of the
thesis) all have type of N during normalization. Thus, they are considered as
atomic expressions as well.

Case 3 (let-expression): There are two subcases to consider. Given an let-
expression of the form (let v = e; in ep), one subcase is e; :: N and e; :: Rg;
the other subcase is e; :: Rg and e :: Rg.

For the first subcase, although there may be many copies of v in the ex-
pression ey, according to the definition of atomic expression, they still form one
atomic expression and thus the size of the effective syntax tree is reduced by one
instead after substitution. For example, we have function definition as follows.

fla:z) =letv =2+ain(v + axv) + (fz)
After applying normalization rule N-sub, we have
flaiz) = (2+a) + ax(2+a) + (f2)

where according to the definition of atomic expression, expression ((2+ a) + a
* (2+ a)) is still considered as one atomic expression of size one though it is
larger than the expression (v + a * v).

For the second subcase, there is only one v appear in expression ey as e is
well-PTyped. Before applying normalization rule N-sub, both e; and ey are in
normal form. So the rule N-sub does not increase the size of the effective syntax
tree.

Theorem 3 (Strong Normalization). If e :: p, then 3 e’ s.t. e ~* € .

Proof. We prove it by induction on the size of the effective syntax tree (EST).
Case N-op: By induction hypothesis, e; ~ e decreases the size of the EST, it
is obvious that ¢ ®; ea ~» ¢ ®; e} decreases the size of the EST.

Case N-distr: The part that will participate in further normalizationis (1 @®; bvy.
Thus, the size of EST is decreased by one.

Case N-semiassoc: The RHS of the rule is an s-value.

Case N-1iftIf: The part that will participate in further normalizationis (; & bv.
Thus, the size of EST is decreased by one.

Case N-let: By induction hypothesis, e; ~ e] decreases the size of the EST,
it is obvious that the normalization process below the line decreases the size of
the EST.



Case N-let: By induction hypothesis, e; ~~ e} decreases the size of the EST,
it is obvious that the normalization process below the line decreases the size of
the EST.

Case N-sub: We see that the size of the effective syntax tree is reduced. ez[v — €]
is either an s-value or maps to any of the normalization rules.

Case N-then: By induction hypothesis, e; ~ e] decreases the size of the EST,
it is obvious that the normalization process below the line decreases the size of
the EST.

Case N-else: By induction hypothesis, e; ~~ e} decreases the size of the EST,
it is obvious that the normalization process below the line decreases the size of
the EST.

Case N-sv: The RHS of the rule is an s-value.

Case N-grpN: The RHS of the rule is an s-value.

Case N-grpR1: The part that will participate in further normalization is if (y then bv; else buv,.
Thus, the size of the effective syntax tree is reduced.

Case N-grpR2 & Case N-grpR3: Similar reasoning as that of the Case N-grpR1.
Case N-rmTest: The RHS of the rule is an s-value.

Case N-pushIfl: The part that will participate in further normalization is
if {y then bus else bvy. Thus, the size of the effective syntax tree is reduced.

Case N-pushIf2 to Case N-pushIf5: Similar reasoning as that of the Case
N-pushIf1l.

From the above case analysis, we can see that each normalization rule either

help reducing the size of the effective syntax tree or its RHS is an s-value. This
proves the lemma. O

3.3 PType Inference Algorithm

The PType inference is done on an extension of the PType with sequence variables.
The extension, called EPtype, is defined as follows:



p € EPType — Extended PType
p == N|Rpg

II ¢ ESeq — Extended Sequences
nm:= S|p|Sxg

B € SVar — Sequence Variables

S € Seq — Sequences
S =[] [®1,--.,Pn]

Note that S denotes a (possibly empty) sequence of operators, satisfying the
extended ring property. The extended sequence II can either be a sequence, a
sequence variable, or a joint between a sequence and a sequence variable. The
latter enables a sequence to be extended to include new operators. We also
identify S < [] with S. This allows us to “terminate” the extended sequence
by converting it into a normal sequence.

The subtyping relation for extended-PType system is extended from the orig-
inal type subtyping with sequence variables. The subtyping rules are as follows:

S1 <K S
B LB
(S1 = B) < (S2 < B)
p1 <: p2  p2 <: p3 I < Il
p <:ip

p1 <: ps Rm, <: Rm,

The EPType-type inference algorithm, W, is defined in Figure 9. It is ex-
pressed as:

Wi. = (Exp, Env) — (EPType, Sub)
WHn(eaF) = (P,e)

where I' € Env is type assumption containing mapping between program vari-
ables and EPTypes, and # € Sub is a substitution mapping sequence variables
to extended sequences.

Before inferencing the RHS of a definition of a function f, all parameter
variables of f will be kept in the initial environment [;,;; and are assigned the
EPType N. Moreover, « is set to the term representing the self-recursive call to
f, such as (f z).

Unification of EPType is performed by the function ¢, the definition of which,
as well as its associated functions, are defined in Figure 10 and Figure 11 re-
spectively. Application of a substitution to an EPType (or an environment or
an extended sequence) is performed by the overloaded function app. Similarly,
composition of substitutions are defined by the operator ;. These are defined in
Figure 11. Lastly, we define a ground substitution, 0} such that, ¥V 3, app (01, 5)
= [], the empty sequence. An application of 0[] to an EPType-value will effec-
tively eliminate any sequence variables occurring in it. A substitution 6 is a
ground validation of I' and p if and only if it is a ground substitution that covers
I' and p. We can safely say [ is a ground validation of I" and p in all the cases.



Wik(n, I') = (N, {})
Wik(v, ') =
if v# Kk thenlet p=TI'(v)
in if (p == N) then (N, {})

ese (F(v). {}) else Error
Wie(fz,I') = if (f x) ==k then let 8 be fresh
n (Rﬂ7 {})

else Error
Wik(er @ e, I') =
let (p1,91) WH,{(el,F)
(p2,02) = W (e2,app(01,1"))
in case (app(6, pr), p2) of
(N,N) — (N,62;61)
(N,Rs) — let 3 be fresh
§" = @] pa f
6s = U(Rs, Rs')
in (app(03, Rs), 03 ;62 ;061)
(--) — Error
W, (if eo then e; else ez, I') =
let (po,@o) = W||K(60,F)
(p1,01) = Wj(e1,app(bo, 1))
(02792) = Wk(e2, app(01; 60,T))
= 02;01; 00
in Zf(app(92’917P0)) =N
then case app(Hg,pl),pg) of
(N,N) = (N,0)
(N, Rs) — (Rs,0)
(R57 ) (R570)
(Rs,, Rs,) — let 0’ = U(Rsl,Rs,z)
in (app(0', Rs,), 6" 0)

else Error
W”,@(let v = €1 in SQ,F) =
let (pl,al) = W”,.@(ehf)
inif (prp == N) then
Wik(ez,{v:: N}UTI)
else let (p2,602) = Wi, (e2,{v::p1}UT)
0 = U(app(62,p1), p2)
in (app(0,p2), 002 ;61)
Wik(g e, I') =
let (p,0) = Wyx(e, I)
inif (p==N&yg ¢ FV(k))then (N,0) else Error

Fig. 9. Type Inference Algorithm




U :: (EPType, EPType) — Sub
UNN) = {)

L{(RHURHz) = Z/IS(H17H2)
U(p1,p2) = Error

Us :: (ESeq, ESeq) — Sub
Us(B,1T) = {8 — II}
Us(IT,8) = {8 — II}
Us(S1,52 > B) =let S = S1 W S
inif (S == S &S # 51)

then Error
else let To = diff (S, S2)
in {8 — T2}

I/{s(S1 > 3, 52) = L{s(Sg,S1 > ﬂ)
US(S1 > B1, 82 X ﬁQ) =
let S = S1 W S
T, = diff (S, 51)
T> = diff (S, S2)
B be fresh
in {B1 — (Th > B), B2 — (T2 = B)}

Fig. 10. Unify Function

The algorithm resembles a typical type inference algorithm. The detail can
be found in standard program analysis textbook [22].
The correctness of W, can be expressed as follows:

Theorem 4 (Soundness of W,,.). Given a type environment I" and an expres-
sion e. If W.(e, I') = (p, 0) for some p and 0, then app(0;;0,1") i e = app(0[y, p).

Proof. By the definition of 0}, 0 is a ground validation for all 6. If 6 is a ground

validation of app(01;62, "), then (#;61) is a ground validation of app(02, I').
The proof proceeds by structural induction on e (because W is defined by

structural induction on e).

Case n: We have W).(n,I") = (N,{}). From rule (con) in Figure 8, it is im-

mediate that I" ., n :: N.

Case v: There are two subcases we need to consider.

Subcase v # x: We have W).(v,I") = (N,{}) provided I'(v) = N. From rule
(var-N) in Figure 8, it is immediate that I"'U{v == N} k. v N.

Subcase v == k: We have W).(v,I") = (I'(v),{}). From rule (var-R) in Fig-
ure 8, it is immediate that app(6;), " U {v :: Rs}) Fw v i app(0p), I'(v)).



app :: (Sub, ESeq) — ESeq
app(61; 02, 11) = app (6, (app(02, I1)))
app(0,5) = S
app(0,8) = if ((B,I) € 0) then II else 3
app(0,S > B) = let Il = 60
in case II of
S — S
ﬁ/ 48 ﬁ/

S xpB—-(SwS)xp

— app is extended naturally to
— operate on EPType and Env.

W :: Seq — Seq — Seq

(x:8)) — s W (insert x s2)

s1 W sa = case sy of [] — 52
insert :: Op — Seq — Seq
insert @ [] = [@®]
insert @ [B1, ..., Bn] =
if (@ € [®1, ..., Bn]) then [P, ...

elseif (3k € 0.n: Vi:
Vj:

then [®1, ...
else Error

1 <4<k
@ is distributive over @©; and
(k+1) <j < n

@; is distributive over ®)

, Dk, B, k41, -+

, ®nl

, Bn]

Fig. 11. Associate Functions to Type Inference Algorithm

Case (f z): We have WHH( z,I") = (Rg,{}). From rule (rec) in Figure 8, it
T

Fr (

is immediate that app (0, I")

) = Ry where app (0], Rp) =

Ry

Case e; @ ep: We shall use the notion established in the clause for W,.(e1 @ ea, I').

There are two subcases to consider.

Subcase (app (02, p1) == N, p2 == N): 0} is a ground validation of app(02; 01, I).

Then 0] ; 02 is an ground validation of app (61,
pothesis, we get app(0]); 02; 01, ") Fr €1 =
We can apply rule (op) and get app(01; 02;601, ") Fr (e1 @ e2) =

the desired result.

Subcase (app(02, p1) == N, p2 == Rg):

and app(03, Rs). Then 07 ;05 is a ground validation of app(02 ;01,
I'). Hence by the induction hypothesis, we get

is a ground validation of app(6;,

I'). Hence by the induction hy-
N and app(0);02;01,1") Fn e N.
N which is

0 is a ground validation of app(03; 62; 61, I")

I). 0y; 03; 02



app(0;1; 0330201, I') i er :: N and app(0)1;0s; 0201, 1) b ex app(0);
03; 02; 01, Rs). Since we have W.((e1 © e, I") = (app(03, Rs), 03;02; 01),
we get @ € S. We can apply rule (op) and get app(0)}; 03;02; 01, I') r (e1 @
ez) i app (0[); 01 ;03;02; 01, Rs) which is the desired result.

Case (if eg then e; else e3): We shall use the notion established in the clause
for W), (if o then e, else ez, I'). If ¢y has type N, there are four subcases to
consider.

Subcase (p1 == N and pz == N): 0} is a ground validation of app(0[,; 0, I') and
p2. Then 0[; 02 is a ground validation of app(61; 0o, I') and p;. By the induction
hypothesis, we get app(0;1;0,I") Fi e1 :: app(0)1;0, p1) and app(0}1;0,1") b, e
i app(0r); 0, p2). We apply rule (if) and get I' k-, (if egthen ¢; else ey) :: N
where app(0; 30, N) = N.

Subcase (p1 == N and p2 == Rg,): 0} is a ground validation of app(0;};0,1I")
and p. Then 6} ; 6 is a ground validation of app(61; 6o, I') and p;. By the induc-
tion hypothesis, we get app(0;;0,1") . e app(0[1;0, p1) and app(0;1; 0, 1)

Fr ez app (07); 0, p2). We apply rule (if) and get app(0;; 0, 1) k. (ifeg then e
else ez) :: app(01 ; 0, p2)

Subcase (p1 == Rg, and p; == N): Similar reasoning as Subcase (p1 == N and
p2 == Rs,).

Subcase (p1 == Rs, and po == Rg,): 0[] is a ground validation of app(0'; 0, I")
and if U(Rs,, Rs,) = 0 then app(0[; 0, Rs,) = app(0[}; 0, Rs,). Then 0[1; 6’
is a ground validation of app(0, I'), Rs, and Rg,. By the induction hypothesis, we
get app(071; 030, I') Fr e app(07;0';0, Rs,) and app (071500, I') . ez :: app
(071;0'; 0, Rs,). Since 0" is the result of unifying Rgs, and Rs,, app(0;1;6'; 0, Rg,)

is as same as app(0)); 0'; 0, Rg,). Applying rule (if) and get app(0;);0'; 0,1")
Fe (if eo thene; else ez) :: app(0)1; 0’ ;5 0, Rs, )

Case (g e): We shall use the notion established in the clause for W,.((g ), I').
Hence by the induction hypothesis we get: app(0;1, ") ki e app(0[y,p). If
p== N, we can apply rule (g) and get I, (g e) :: N which is the desired
result.

Case let v = €1 in ey: There are two subcases to consider.

Subcase p; == N: f; is a ground validation of I'. By the induction hypothesis,
we have app(0;1, I') Fw er = prand app(0)), ') U {v :: p1} Fy ez i app(0)1, p2)-
Applying rule (1et-N), app(6; 1, ') U {v :: N} by (let v = er in ez) :: app(0)), p2)-

Subcase p1 == Rg,: 0] is a ground validation of app(0; 02; 01, I"). Then 0;1; 6
is a ground validation of app(f2; 01, 1") and py. 0}1; 0; 02 is a ground validation



of app(61,I") and p;. By induction hypothesis, we have app(0;; 0; 02;601, ") b,
er = app(0)1;0; 025 01, p1) and app(0p1;0; 02; 01, ") U {v = p1} o e app(O));
0; 02; 01, p2). Applying rule (1et-R), app(0y; 0; 025 61, ") U {v :: app(0)}; 0; 02501, p1) }
Fo (let v = e in ex) ::app (0); 0; 02; 01, p2). O

Theorem 5 (Completeness of W,). For any type environment I' and ex-
pression e, if there exists a PType p’ such that I' &, e :: p/, then there exists p
such that W (e, I') = (p, 8) and app(0;y,p) <: p'.

Proof. The proof is by induction on the shape of the inference tree since the
type-checking rules in Figure 8 are syntax directed.
Case n: We have I' -, n:: N. Clearly W,.(n,I') = (N, {}).

Case v # k: We have I' U {v :: N} b, v N. Clearly W,.(v, I'") = (I'"(v),{})
where I" = I' U {v = N}.

Case v = k: Wehave I' U {v :: Rg} kv Rg. Clearly W), (v, I'") = (I"(v),{})
where IV = I' U {v:: N}.

Case (f r): We have I' F(;,) (f2) = Rs. Clearly W.(f z,I") = (Rg,{}),
app(e[],Rg) = R[] and R[] <: Rg for all S.

Case (e1 @ e2): There are two type-checking rules we need to consider. We
consider each case separately.

Subcase (op) where p = N: We have I' +, (e; ® e3) = N. If rule (op) is
the last rule applied, we have I' -, e; :: N and I' F, ez :: N. By induction hy-
pothesis, we have W, (e1,I") = (N,{}) and W), (ez, ") = (N, {}) respectively.
Clearly Wix(e1 © ez, I') = (N, {}).

Subcase (op) where p= Rg A @ € S: We have I' +, (e1 @ e2) :: Rg. If rule
(op) is the last rule applied, we have I' . e; :: N, I' I ez :: Rg. By induc-
tion hypothesis, we have W, (e1, I') = (N,01) and W . (e2, I') = (Rs, 02). Since
de S, 0;= {} Clearly, WHK(CI b CQ,F) = (RS, 0o 91) and Rg <: Rg.

Case (if ¢y then ¢; else e3): There are four type-checking rules we need to con-
sider. We consider each case separately.

Subcase (if) where v/ if (N, N, N): Wehave I' F, (if ¢y then ¢; else es) :: N.
If rule if is the last rule applied, we have ey :: N, e; :: N and es :: N. By in-
duction hypothesis, we have W.(eo, I") = (N,{}), Wx(e1, ') = (N, {}) and
Wik(e2, I') = (N,{}). Clearly W, (if e then e; else ey, I') = (N,{}).

Subcase (if) where vif (Rs, N, Rg): Wehave I' -, (if ¢y then ¢; else e3) :: Rg.
If rule (if) is the last rule applied, we have I' -, ey :: N, I' -, e; :: N and
I' F; e :: Rg. By induction hypothesis, we have Wj,.(eo, I') = (N,60), W) (e1, ")



= (N,0:1) and W,.(e2,I') = (Rs,02) where Rs <: Rg. Clearly
W”,{(if eo then e; else ey, I') = (Rg, 02;61; 6p).

Subcase (if) where vif (Rs, Rs, N): Similar to the Subcase if where 57 if (Rs, N, Rg).

Subcase (if) where v/ir (Rg, Rs, Rs): Wehave I' F, (if ey then e; else e) :: Rg.
If rule (if) is the last rule applied, we have I' . ey :: N, I' k. e; :: Rgs and
I'F ez :: Rgr. By induction hypothesis, we have W) . (eo, I') = (N,60), Wy, (e1, I')
= (Rs,01) and W, (e2, I') = (Rs,02) and app(0}, Rs) <: Rs:. Clearly we have
W (if o then e; else ez, I') = (app(0’, Rs) ,0'; 02;01; 0). Since U(Rs, Rs) = {},
¢ = {}. This is the desired result.

Case (ge): We have I k-, e :: p. From rule (g) in Figure 8, we know that
e N and g ¢ FV (k). By induction hypothesis, we have W), (e,I') = (N, {}).
Clearly WH,@(g e, ") = (N, {}).

Case (W.(let v =e;iney, I')): We have I' -, (let v = e; in ez) :: p. There
are two cases to consider.

Subcase (let-N): WehaveI' b e; o N, I' b, v Nand I' b, ex[v — €] =2 p'.
By induction hypothesis, W), (e1, I') = (N, 01) and W) (ez2[v +— e1], {v :: (N, {})} U T)
= (p,02;01) and app(0;}, p) <: p'. Type p is the desire result.

Subcase (let-R) where p == Rg: Wehave I' b, e; : Rgr, ' U {v:: Rg'} by €2 i Rgr.
By induction hypothesis, W), (e1, I') = (Rs,01) and W), (e2[v +— e1],{v :: Rg}UT)
= (Rs,02) and app(0[, Rs) <: Rs:. Type Rs is the desire result.

O

4 Parallel Code Derivation

Once a function has been inferred to have RType, we can automatically derive its
parallel counterpart. In the parallel context, the most commonly used technique
is divide-and-conquer and the computation model for it is called homomorphism.
In this chapter, we give a background to homomorphism and a more expressive
parallel computation model mutumorphism, which is used in our system. Af-
ter that, we describe informally an algorithm for deriving parallel code from
expression of RType and give its correctness proof.

4.1 Homomorphisms and Mutumorphisms

In skeleton approach to data parallel list programming, homomorphisms are of-
ten used as the basic divide-and-conquer scheme. Homomorphisms are a good
characterization of parallel computational models and can be effectively imple-
mented on modern parallel architectures [?,15,9].



Definition 7 (List Homomorphism). A function hom is a homomorphism
if it satisfies the equations:

hom ¢y [a] = fa
homs gy (w1 + +ar) = (hom(s gy 2l) & (homs g) or)

It can also be expressed with two primitive skeletons reduce and map as follows.

homys & (ws) = reduceg (map f (zs))

A near homomorphism proposed by Cole is the composition of a projection
function and a homomorphism. With Cole’s idea and results in [17, 18], we choose
list mutumorphisms [13] as our parallel computation model.

Definition 8 (List Mutumorphisms). The functions hy ... h, are called list
mutumorphisms (or mutumorphisms for short) if they are mutually defined in
the following way:

hj [a] = kj a
hi (z+y) = (A7 i) ) @5 (AT hi) y)

Particularly, a single function, say h;, is said to be a list mutumorphism, if
there exist a set of functions hy, ..., hi—1, hiy1, ..., h, which together with h;
satisfying the above equational form.

AT f; abbreviates fi A ... A f, where A is a binary operator on tuples,
defined by

(fog)a = (fa,ga).

Mutumorphisms have more powerful descriptive power than homomorphisms.
They are considered as most general recursive functions defined in an inductive
manner [13], being capable of describing most interesting functions. They can be
automatically transformed into efficient homomorphisms via tupling calculation
as have been intensively studied in [5,18].

Theorem 6 (Tupling [18]). Let hy,...,h, be mutumorphism as defined in
Definition 8. Then, A} h; = (A7 ki, AT @, ) where (k, ®]) = (reduce ©) o (map k).

4.2 Parallel Code Derivation

Our running example is the following general definition of a sequential function

f:

flal = Cizila, (g 2)]
fla:z) = Ctazla, (g 7)), (f )]

— Ctx; and Ctrz are arbitrary contexts

If f is well-PTyped, f can be normalized to an s-value. In this section, we show
how to parallelize each s-value automatically. If f has return type R|j, parallel



holalz = gaaz
ho (@l +H2r)z = haal (qar ¢ z) V hoarz

hylalz = gpaz
hy (2l + zr) z
=if he zl (g zr @4 z) then hy 2zl (¢ zr B4 2)
else hi zl (qar ®q 2) B1 ... Bn_1
hy 2l (qar ®q z) Bn hy ar 2
— hiV1< i< pis defined as follows.
hila] = giaz
hi (xl + 1) 2
= hial(qar®g z) Bi ... Bno1 hnal (¢ zr Bq 2)
D, h; ar z

Fig. 12. Auxillary functions

code is obvious [19]. For other cases, we consider them one by one. Auxilary
functions are defined in Figure 12. Note: “g; a (¢ z)” can be considered and read
as “any expression involving a and/or (g z)”.

If the RHS of f is normalized to a bv of the form

fla:z)=gia(qz) 1 D1 gna(qz)Dne
function f’s parallel version is as follows.

fla] = Cta[a]
I (zl + ar)
=hmal(qgar) &1 ... Bn-1 hnzl (qar) &, (f ar)

If the RHS of f is normalized to an s-value of the form

fa:a) =
letv =gia(qgz) &1 ... Bno1 gna(qz) &n @
ing.a(qx)

function f’s parallel version is as follows.

fla] = gca(qu)
I (al + zr)
=letv = mal(gar) &1 ... Bno1 hnal (qar) &, (f 2r)
inf xl
If the RHS of f is normalized to an s-value of the form
f(a:z) = if g a(gz)then g, a (q )
elsegira(qz) &1 ... Bn-1 gna(qz)®n @

function f’s parallel version is as follows:



fla] = Ctai[a]
f(al+Har) =
if ho 2l (¢ z)then hy xs (¢ z)
else hi 2l (qar) @1 ... ®n_1 hyal (q zr) &n (f zr)

If the RHS of f is normalized to an s-value of the form

fla:z) =
if go a (¢ z)then g, a (q z)
elseletv = g1a(qz) ®1 ... Bno1 gna(qz) Gn @
ing.a(qzx)

function f’s parallel version is as follows.

fla] = gca(qu)
I (zl + ar)
= if h, 2l (¢ z)then hy zs (¢ )
elseletv = hyal (gar) 1 ... Bn-1 hnal (qar) Gn (f zr)
in f zl

4.3 Correctness of Algorithm for Parallel Code Derivation

In [19], a primitive form f(a:z) = ga(¢z) & (f ) and a conditional form

fla:z) =ifgia(q z)theng a () & (f ).
else g3 a (g3 )

Parallel versions and the correctness proofs for each form are given in [19]
as well. In this thesis, with respect to the primitive form, we introduce a more
general form bv that involves arbitrary number of binary operators (which fullfill
extended ring property). In this chapter, we want to show the correctness of the
parallel code derived for bv. The correctness of the parallel code derived for
general conditional form follows from this proof. Regarding let-expression, the
gist of the parallel code derivation is for the bv. That is to say, it suffices to show
the correctness of the parallel code derived for bv.

Firstly, given f (2l + ar) = (b al) op1 (he zl) ops (f 2r) is the parallel ver-
sion of f (a:2) = (g1 a) op1 (92 a)ops (f z), we want to show

hy (zl +H zr) = (hy xl) opy (he 1) ops (hy zr)
ho (zl + zr) = (he 1) opa (hy ar)

are the parallel versions of g1 and ¢2 respectively.

Proof. We make use of the associative property of the constructor ++ i.e. the
fact that f ((zly +H zk) H2r) = f (¢l H (2l +H zr)).
f ((le ++ ZZQ) ++ ZT)

= (h1 (zly +H zl2)) op1 (ha (xly +H xl2)) ops (f ar) (1)



f(aly ++ (gl ++ zr))

= (b zhy) opy (he zly) opa (f (xly ++ 2r))

= (hy zly) op1 (he 2ly) opa ((hy zl2) op1 (he zk) ops (f xr))
— opo is distributive over op;.

= (M zh) op1 (((h2 zh) op2 (M 2k2)) op1 ((he al)op2 (healz) ops (f zr)))
— op; is associative.

= ((hl .I'll) op1 ((hg .I'll) op2 (hl J?ZQ))) op1

((he @) opa (hy xl2) opa (far)) (2)

Since f ((zhh +H zk) +H zr) = f (zlh + (2l + 1)), after unifying the RHS
of equation 1 and 2 we have

hy (.I'll +H- a?lg) = (hl .I'll) op1 (hg .I'll) op2 (hl a?lg)
ho (.I'll +H- a?lg) = (hg a:ll) op2 (hg .TZQ)

O

Secondly, we show that given f (zl + ar) = (b1 «l) op1 (haxl) opa (hs 1) ops
(f zr) to be the parallel version of f (a:2) = (gl a(qz)) op1 (92 a (g )) op2
(93 a(qz)) ops (f ),

hy (zl +H zr) = (hy xl) opy (he 1) ops (hs xl) ops (hy ar)
ho (zl + zr) = (he xl) ope (hs 1) ops (hy zr)
hs (xl + zr) = (hg 1) ops (hs zr)

are the parallel versions of g1, ¢2 and ¢3 respectively.

Proof. We make use of the associative property of the constructor ++ i.e. the
fact that f ((zly +H k) H 2r) = f (¢l H (2l + 2r)) again.
f (zly + k) +H ar)

= (h1 (zly +F=zl2)) op1 (he (zly Hxl2)) opa (hs (xly Hal2)) ops (f xr) (3)

Izl +H (zly +Hzr))
= (hy zh) op1 (ho xh) ops (hs zly) ops (f (xly + 1))
= (hl .I'll) op1 (hg .I'll) op2 (h3 a:ll) ops3
((hy zl) opy1 (ha xk) op2 (hs k) ops (f xr))
— ops is distributive over op;.
(hl .I'll) op1 (hg .I'll) op2 (((h3 .I'll) ops3 (hl .7312)) op1
(hs xl) ops ((he k) opa (hs zl) ops (f zr)))
— ops is distributive over ops.
= (hl .I'll) op1 (hg .I'll) 0p2(((h3 a:ll) ops3 (hl .7312)) op1

((hs zly) ops (ha k) op2 (ks xly) ops ((hs zk) ops (f zr)))
— ops is associative.

(hl .I'll) op1 (hg .I'll) 0p2(((h3 a:ll) ops3 (hl .7312)) op1

((hs zly) ops (ha k) op2 ((hs xl) ops (ks zk)) ops (f ar)))
— opsy is distributive over op; .



= (hl .I'll) op1 (((hg a:ll) op2 ((h3 .I'll) ops (hlﬂilg))) op1

(ha xll.) opg((hg a?ll) ops (ha xl)) opa (((hs zly) ops (hs xk)) ops (f zr)))
— ops is associative.

= (hl .I'll) op1 (((hg a:ll) op2 ((h3 .I'll) ops3 (hlﬂilg))) op1

((ha zly) op2((hs xly) ops (ha xk))) op2 ((hs xh) ops (ks zk)) ops (f ar))
— op; is associative.

= ((hl .I'll) op1 (hg a:ll) op2 (h3 a:ll) ops3 (hl .7312)) op1
((hy zh) opa ((hs zh) ops (ha zk))) op2

((hs @l1) ops (hs xl2)) ops (f xr) (4)

Since f ((zly +H zk) H2r) = f (zly +H (zl ++ ar)), after unifying equa-
tion 3 and 4 we have

hl (.I'll +H- a?lg) = (hl .I'll) op1 (hg .I'll) op2 (h3 a:ll) ops3 (hl .TZQ)
ho (.I'll +H- a?lg) = (hg .I'll) op2 (hg .I'll) op3 (hg a?lg)
hs (.I'll -+ a?lg) = (h3 .I'll) op3 (hg .TZQ)

a

The proofs for the above two cases give us confidence to give the following
theorem.

Theorem 7. Given function

fla] = Cia [d]
fla:z) = (qra) @1 ... Bno1 (gn a) B (f x),

the parallel version of f and the parallel versions of h; V1 < 7 < n are

[ la] = Ctnila]

fal+tar) = (hal) &1 ... &1 (hy al) @y (f 2r)
and

hl[ ] = giaz

hi (gl +ar)z = (hyal) ®; ... Bpo1 (hn 2l) By (h; 2r)

respectively.

Proof. We prove it using mathematical induction on the number of operators
used in the function body. Let P(n) be the statement in the theorem 7 for n
operators used in the function definition. Assume P(k) is true. i.e.

P(k): Given

[lal = Ctay [a]
flazz) = (g1a) &1 ... @k (g a) Sk (f 2),

the parallel version of f and the parallel versions of h; V1 < 4 < k are



[ la] = Ctla]

f@l4+ar) = (hal) &1 - Sp—1 (hg 2l) Sp (f 2r)
and

hila] = giaz

hi (gl +ar)z = (hy xl) ®; ... Br—1 (b xl) B (hy 2r)
respectively.

We want to show P(k -+ 1) is true. Since variable n denotes the number
of operators used in the function definition, there is no difference to place the
(k+ 1), term (gr41 2l) at the 04, position or (k + 1)y, position. For the easy
reading of the proof, we put it at position 0 and use numbering 0 instead of
(k+1).

P(k+1): Given

fla] = Ctay [a]

fla:z) = (goa) Go (gra) ®1 ... Bp—1(gk @) &k (f 2)

Let
[ (@l +ar) = (hoal) ®o (b1 2l) ©1 - Sp—1 (hx 2l) S (f 2r)

We know
f(zlh H k) +Har) = hy (zhh Hzl) Do

(hy (zly +zl2) B1 ... ®k—1 hi (zlh Hale) &k (f ) (5)
f (zly +H (2l + 2ar))

= hozl ®o (hyzly &1 ... hg zly By (f (2l +H z1))
=hyxly g M zlh 1 ... hi 2l Dy, (ho zly @o hxlh 1 ... hy, ol Dy (f .I"f'))

= (hozl ®o izl @1 ... by aly B ho zlz) Bo

(hi oy @1 ... hpaly © hixla) &1 ... @ (f ar)) (6)

Since f ((¢h + zk) +H 2r) = f (zh + (2l ++ zr)), after unifying terms at
RHS of both definition 5 and 6, we have

hola) = goaz
ho(:z:llelg) =hozly Do b1 zly D1 ... hy zli D ho zbs
al = giaz

hi |
hi (@l+ar)z = (hial) ®; ... Br—1 (g al) By (hiar)Vi 1< i < k

By induction hypothesis, we know

hila] = g;az



hi (gl 4+ ar)z = (hyal) ®; ... Br—1 (B xl) B (hiar)Vi.1< i < k

gives P (k). Thus,

hila] = giaz

hi (@l+ar)z = (hial) ®; ... Br—1 (hpal) By (hiar)Vi.0< @ < k
proves the P(k + 1) case and therefore proves the theorem 7. ad
5 Examples

In this section, we show some interesting well-PTyped sequential programs by
giving their PType.

5.1 Conditional Form

The following function, f7, traverses a list and returns an integer.

#(Int, [+, x],[0,1])

frlal = a

fr(a:z) = if (a>5)thena + frz
elsea X frz

Let us initialize I' = { a — N, z + N}. The main steps of PType inference of
the RHS of f7 is illustrated below:

W) (if (a > 5)thena + frzelsea x fra,I)
Wi((a >5),T)
= (N, {})
Wikla + frz,app({}, 1))
= (Rm,,01) where I = [+] 1 B2; 61 = {61 — IL}
Wik(a x frx,app((01;{}),I")
= (Rm,,02) where Il = [X] 1 B4; 02 = {B3 — I}
U(Rm,, Ri,)
= 03 where 03 = {f2 — [X] < 5, Ba — [+] > G5}
= (R4, x] 855 033025 061)

The expression if (a > 5)thena + f; z elsea X f; z is normalized to an
s-value of the following form.

(if (a > 5) then a else 0) +
(if (a > 5) then lelse a) x (frz)

This example shows the usefulness of the identities provided for each operator
used in the program.



5.2 The mss Problem

Consider a sequential program to find the maximum segment sum (mss) of a
list.

#(Int, [maz,+],[0,0])

mis [a] = a

mis (a:x) = a‘maz‘(a + mis z)

mss [a) a

mss (a:z) = (a‘maz‘ (a + mis x)) ‘maz’ mss

In the definition of function mss, it calls function mis with argument z, the
recursion parameter. This implies the parallelization of mss requires the par-
allelization of mis to be present. Thus, we need to type check function defi-
nition of mis before that of mss. The PType inferred for both definition are:
mis i Ripaz,+) and mss 0 Rjq,) Tespectively.

5.3 List and Higher-Order Skeletons

For a function that returns a list, we may use the annotation #(List, [+, map2], [ Nil, Nil]),
where map2 is defined as follows:

y ‘map2‘ z = map (y +H) z
Function map2 has the following properties:

— distributive over ++

y ‘map2 (2l + zr) = y ‘map2‘ zl +H y ‘map2‘ zr
— semi-associative

z ‘map2‘ (y ‘map2‘ z) = (& +H y) ‘map2‘ z

When map?2 is used as a binary operator for scan, as shown below:

#(List, [+, map2], [Nil, Nil])
scan [a] = [[a]]
scan (a:xz) = [[a]] H ([a] ‘map2‘ (scan z))

we can infer that scan has type B[y mapg]Q.
In this section, we want to show how some higher-order skeletons lead to
parallelization with the reasoning of our PType system. Besides function scan

which is one of the higher-order skeleton candidates, map and reduce are also
PTypeable.

2 Usually  programmers may  write recursive part of scan  as:
scan(a : z) = a: ([a]‘map2‘(scanz)). Before type-checking, we can transform
this to [a] +([a]‘map2¢(scanz)). Such transformation is trivial and will be done in
a pre-processing phase.



map [a] f = [( CE)]

map (0 2) f = [(f )] + map s
reduce [a] op = a
reduce (a : x) op = a ‘op* reduce z op

For the simplicity of explanation, readers can assume both parameters f and
op in function definition of map and reduce have NType. It is obvious that the
PTypes of function map and reduce are Ry and R,,) respectively.

Programs proposed via these higher-order skeletons can be transformed to
recursive functions through deforestation [30]. This implies our PType system can
cover at least as many applications as that with these higher-order skeletons.

5.4 Fractal Image Decompression

A fractal image may be encoded by a series of mappings, called affine transfor-
mations, which are combinations of scalings, rotations and translations of the
coordinate axes. This problem was considered in [15]. For clarity, we only present
two those important functions used in the process of fractal image decomposi-
tion. The function tr takes a list of transformations and applies each of them to
a pixel and the function k applies these transformations to a set of pixels with
the help of tr. The auxilliary function nodup removes repeated occurrences of a
value in a list effectively generating a set. We assume efficient implementation
of nodup is provided.

(List, [+], [Nil)
#(Set, [union], [Nil])

tr : la— a] — a — [d]
triflp = [f p]

tr(f:fs)p = [fpl++trfsp

ki {la]] — [d]
k [a] fs = nodup (tr fs a)
k(a:z)fs = nodup (tr fs a) ‘union’ (k )

Types of tr and k are Ry and R[ypion) Tespectively.

Parallel code derived:

triflp = [f pl
tr(zl+Har)p = hhalp +Htrarp
hy[flp = [f p]

hi(el+axr)p = malp H hyarp
k [a] fs = nodup (tr fs a)
k(zl++ar)fs = haalfs + karfs
ho [a] fs = nodup (tr fs a)

ho (zl +Hzr) fs = hg al fs 4+ hg ar fs



6 Extensions

In this section, we show the PType system can be extended to cover broader
classes of parallelizable code.

6.1 Multiple Recursion Parameters

When a function has multiple recursion parameters, we require the function
recurses over all its recursion parameters at the same frequency whose formal
definition is as follows.

Definition 9. A recursive function f is said to recurse over all its recursion
parameters at the same frequency if f is in the form

fla] ... [an] = Clzfay, ..., an]

fla:z) ... (an:x) = ... (for oo my) o ..
where Ctx[] is an arbitrary context and expression ... (f @1 ... zn)... says any
recursive call in the definition should be in the form of (f x1 ... xy).

For example, function definition of zip satisfies this requirement as zip is defined
as follows.

zip [a] [b] = [(a, b
zip (a:x) (b:y) = [(a,0)] ++zipzy

For simplicity of presentation, we use 7 to express 2 ... . In order to handle
multiple recursion parameters, we can simply replace all (f z) with (f7') in the
type checking rules and the inference algorithm and adding {a; :: N,..., a, = N,
1 N, ..., -, :: N} to I' before type checking the RHS of the function defini-
tion. In the case of zip, its PType is R[y.

The correctness of the above type checking strategy can be reasoned as fol-
lowing:
Since the function recurses all its recursion parameters at the same frequency, we
can zip all recursion parameters to form one recursion parameter using function
mzip (multiple zip). Definition of mzip is

mzip [a1] ... [a,] = [(a1,..., ay)]
mzip (a1 1) ... (a1 Ty) = (a1, ..., Q) : MZP 1 ... Ty

Thus, the parallelizability of the function with multiple recursion parameters
(of same recursive frequency) is as same as the function with one recursion
parameters.

6.2 Accumulating Parameters

When a function f has accumulating parameters, we shall type check each of
them individually to see if they are well-PTyped before we type check the body



of f. If one of the accumulating parameters is ill-typed, function f is considered
ill-typed regardless of the well-PTypedness of the function body. Thus, given a
function definition

flag:xy) ... (@n:Tp) D1 -  Di -o. D = €

where e is in the form ... (f?el ceo € ... €p) ...and p1 ... p, are accumu-
lating parameters, we need to do the following:

1. Extract the context for each accumulating parameter p; using the function
C defined in Figure 13.

2. Verify that Vi.i € {1,...,n}. let e be the result of C[ e ]p,. I' U {a; == N,
z N, pio NVYii e{l,...,n}} bp el = p;i

3. Verify that I' U {a; :: N, &, :: N, p; : NVi. i € {1,

cey Tl} F(f?) e RS

4. Apply Normalization rules defined earlier to e with each recursive call as
o (though they have different accumulating argument) and e with p; as e,
Vii e {1, ...,n}

5. Derive parallel code with the same strategy for each accumulating parameter
with p; as e.

Function C takes an expression e and an accumulating parameter p; as inputs
and returns an expression which is the context of the accumulating parameter p;.
The second field of the returned results from C is to identify redundant context.
If the second field is True, it means that the expression in the first field may be
redundant; if the second field is False, it means that the expression in the first
field must be part of the context of the accumulating parameter.

When an expression may be redundant, we still need to propagate it. The
reason is that if the accumulating parameter depends on the value of such ex-
pression, the expression will no longer be redundant. This usually happens in a
let-expression. For example, in the following function definition

hola] =0
fio(a:z)e =letd = a+1infipz (d + ¢)

Although d is an expression involving neither a recursive call nor the accumu-
lating parameter c, it is used in the accumulating argument (d + ¢). Thus,

Clletd = a+1linfipzd+c]. =
letd=a+1in(d+ ¢).

We use bracketing problem to illustrate type-checking of a recursive function def-
inition with accumulating parameters. Bracketing problem is a language recog-
nition problem for determining whether the brackets '(’ and ’)’ in a given string
are correctly matched. This problem has a straightforward linear sequential algo-
rithm, in which the string is examined from left to right. A counter is initialized
to 0, and increased or decreased as opening and closing brackets are encountered.
This definition is taken from [19].



#(Bool, [A], [ True])
B(Int, [+,4],[0,1)
sbpr = sbp’ 20
sbp' []e = ¢c==0
sbp’ (a:x)c =
if (a ==‘(‘) then sbp’ z (1 + ¢)
elseif (a == )*)thenc >0 A sbp’ z ((—1) + ¢)
else sbp’ z ¢

Two annotations are needed in order to type-check this program. The new an-
notation found here defines the operators for type Bool. Operator A can be used
and its identity (i.e. unit) is True. Context for accumulating parameter c¢ is
computed as follows.

C[ RHS of sbp']. = if (a ==‘(‘)thenl+ ¢
elseif (o == ¢)‘)then (1) + ¢
else ¢

The PType inferred are : sbp :: N, ¢ :: Rpyy and sbp’ :: Rps). Note that, when
we type check function body of sbp’, the PType of ¢ is initialized to N.

6.3 Non-linear Recursion

We extend the PType system to cover a subset of non-linear recursion with an
additional requirement that ® must be commutative. This requirement is often
found in parallel works on non-linear recursion.

To parallelize mutually defined non-linear recursive functions, we need to
group these functions together forming a tuple and type-check them together.
Thus, extending x to a set which captures the names of different recursive calls
is crucial. For self-recursive non-linear recursive functions, the group will become
a singleton set.

Given the following mutually defined recursive functions as follows

fila:z) = e
fala:z) = e
fm(a:m) = en

whereer = p11 ® (P12 ® fiz) & ... ® (pim @ fm )
e2 = pa1 @ (p12® fizx) & ... B (p2m®fm$)

em = Pm1 D (me ® fl Z) @ ... D (pmm & fm Z)
Py = g4 a (g z)

Function g;; is an arbitrary function (i.e. an arbitrary context) involving a and
gjz), Vi, j € {1,...,m}. We need to do the following in order to obtain its
parallel counterpart.



C :: Exp — Var — (Exp, Bool)
Cln]y = (n, True)
Clol, = (v, True)
C[[f?eo ceo € ... enlp, = (e, False)
Clgeo .- en]p, = (geo ... en, True)
Clen © ex]p, =
let (e1, b1) = Cle1 ]y,
(657 b2) = C[[ €2 ]]I’z
in case (b1, b2) of
(True, True) —
(True, False) — (e3, False)
(False, True) — (e, False)
(False, False) — error
C[if e then e else ex]),, =
let (e1, b1) = Cle1 ]y,
(657 b2) = C[[ €2 ]]I’z
in case (b1, b2) of
(True, True) — (if eo then e, else ez, True)
(True, False) — (e3, False)
) —

(e1 @ ez, True)

(False, True (ei, False)
(False, False) — (if eo then e] else e, False)
Clletv = erinex]p, =

let (e1, b1) = Cle1 ]y,
in if by then let (e3, b2) = C[ ez ]p
in if b then (let v = e in ez, True)
else (let v = ef in ey, False)
else (e1, False)

Fig. 13. Definition of Context-Derivation Function C.

1. Group function definitions to form

(fl,...,fm):(el,...,em).

2. Type check e; V3.1 < j < m with rules discussed in Figure 8 together with
the rule op-RR.

S=o:9 (length S) <2
@ is commutative
I Py 2)(fm 2y} €15 Rs

—RR
I Fih2)eshmn)y €2 Bs (°p ~R%)
I H{(f1 @), (fm o1y (1 De2) 32 Rs
3. Type check (ey,..., ey) with rule nl ( non-linear).

' Mfo)me)} & RsVi1I< G <m
T Fera)ees(fm o)y (€15 ooy €5,y €m) it Rs

(n1)




4. If (fi, ..., fm) is well-PTyped, normalize each ¢;, Vj. 1 < j < m.
5. Generalize the parallel code in [19] to obtain the parallel counter-part for
functions f; ... fn. This task is trivial.

To illustrate type-checking of non-linear recursive function definitions, we
examine the following function definitions that compute Fibonacci Number .
This example is taken from [19] (Section 4.2.4) where the corresponding parallel
code is also provided.

Ifib[] =1
Ifib(a:z) = lfibx + Ifib' x
v/ [] = 0

Ifit (a:z) = lfibz
Sketch of type checking is shown below.

I'u {a 2N,z N} }_{(lﬁb ), (Ifib’ )} (lﬁb T + lﬁb/ x) i RH]
I'u {a 2N,z N} }_{(lﬁb ), (Ifib’ )} (lﬁb £E) i R[]
— Ry <t Ry
I'u {a 2N,z N} }_{(lﬁb ), (Ifib’ )} (lﬁb £D) i R[Jr]
I'u {a 2N,z N} }_{(lﬁb o), (Ifib” z)}
((Ifib = + 1fib" ), (Ifibx)) == Ry

Thus, Ifib and Ifib’ can be parallelized.

The reason we need the condition (length S) < 2 in rule op-RR is explained
in Theorem 8. The constraint (length §) < 2 indicates at most two operators
in S are allowed to relate recursive calls.

Theorem 8 (Non-linear Recursion). For any function definition consisting
of multiple recursive calls and involving use of more than two operators related to
recursive calls (even if they satisfy extended ring property), it is not parallelizable
with respect to the theorem of context preservation.

An informal argument supports Theorem 8 is as follows. After unfolding each
recursive calls, the resulting form cannot match back to the original form of the
function definition. By the theorem of context preservation, the parallelizability
of the function is unknown. Thus, such function is not parallelizable by our
system 3.

We have yet to know any work that demonstrate the parallelization of a
non-linear recursive function with accumulating parameters.

7 Implementation

We have implemented a prototype of PType system in Haskell 98 [20], a widely
used purely functional language. The implementation corresponds closely to the

3 Since there is no completeness proof for the theorem of context preservation, there
may possibly exist other methods to parallelize such function.



theory developed in the previous chapters. All the examples presented in Chap-
ter 5 have been verified with this implementation. The expression syntax recog-
nized by the prototype is a subset of the language Haskell.

We have tested our system with sample files of different sizes. The purpose of
doing such experiment is to show the scalability of our analysis. The experiments
are done on a PC with pentium-4 CPU of 2.00GHz, 512 MB of RAM. The time
taken to do (PType inference + normalization + parallel code generation) for
each application is shown in Table 7. The results in the table verify the time
complexity of parallelization process (PType inference + normalization + parallel
code generation) is O(n?). (The PType inference and parallel code generation
both have time complexity of O(n) and normalization has time complexity of
O(n?) which contributes to the overall time complexity.) Further more, we have

Table 2. Statistics

Option |Lines of Code|total computation time (sec)
Samplel 100 0.92

Sample2 200 3.96

Sample3 400 18.18

Sampled 600 39.26

Sampleb 800 71.50

Sample6 1000 107.68

tried one benchmark - matrix multiplication whose functional definition is taken
from [1]. Its definition in Haskell syntax is in [31]. Total time taken to do type
checking, normalization and parallel code generation for matrix multiplication
function definition is 0.10sec.

We have provided a web interface to the PType system. The URL is http://loris-
1.ddns.comp.nus.edu.sq/ " zun

8 Related Works

Generic program schemes have been advocated for use in structured parallel
programming, both for imperative programs expressed as first-order recurrences
through a classic result of [28] and for functional programs via Bird’s homo-
morphism [27]. However, most sequential specifications fail to match up directly
with these schemes. To overcome this shortcoming, there have been calls to con-
structively transform programs to match these schemes, but these proposals [25,
15] often require deep intuition and the support of ad-hoc lemmas — making
automation difficult. Another approach is to provide more specialized schemes,
either statically [24] or via a procedure [19], that can be directly matched to
sequential specification.

On the imperative language (e.g. Fortran) front, there have been interests in
parallelization of reduction-style loops [12, 14]. By modeling loops via functions,



they noted that function-type values could be reduced (in parallel) via asso-
ciative function composition. These propagated function-type values could only
be efficiently combined if they have a template closed under composition. This
requirement is similar to the need to find a common context under recursive
call unfolding, aka., context preservation, as described in [4]. Imperative loop
corresponds to tail recursion, and can be considered as a special case of linear
recursive form that we are dealing with.

Type-based analysis has traditionally been used to support both program
safety and optimization. More recently, it has also been used to support program
transformations, such as useless variable elimination [21,2]. However, these two
type systems are still based on the evaluation rules of the underlying language.

In contrast to conventional approach, our PType system is constructed and
proven correct from a set of meta-rules that are used for transforming pro-
grams into skeletal forms. We believe such a bond between type meta-system
and program transformation is novel, and can help open up more sophisticated
type-based analysis for computation at the meta-level.

9 Conclusion

Murray Cole’s characterization of algorithmic skeletons [9] through the use of
higher-order functions has inspired several prominent research effort into parallel
functional programming [26]. These research projects have investigated the im-
portance of algorithmic skeletons, as well as their specification and application.

In this paper, we have introduced a novel view to parallelization. To the best
of our knowledge, this is the first piece of work that brings together type system
and parallelization. Prior to our work, researchers working on type systems do
not look into parallelization, and those who work on parallelization do not bother
to use type system in their work. By bringing the two fields together, we hope to
apply the formalism of type theory to yet another important application domain.

In our design, we have managed to hide the detail mechanisms of type in-
ference/checking under the carpet, and provide a clean and simple interface to
the user. The system frees the user from the hassle of performing normaliza-
tion (which is required in [8]) and parallelizability checking (which is required
n [19]). Users only need to provide our system with the extended ring property
of the binary operators used in the program. This provision is, in general, the
minimum that is required for users working in parallelization.

Besides the type system, our system can automatically generate parallel code
from a well-PTyped sequential program. Due to the space limitation, the deriva-
tion detail and its correctness proof are available in [31]. A prototype has been
implemented and a web interface has been provided.

The present work has several avenues for further enhancement. So far, we
assume a non-recursive function is not considered for parallelization. However,
as mentioned in Section 1, functions defined using higher-order skeletons are all
non-recursive functions and are parallelizable. Thus, having an enhanced type
system that can capture parallelism of both non-recursive functions and recursive



functions is desirable. Furthermore, the idea of using invariants to assist the
context preservation of expression, as described in [7], enables the detection
of an even broader class of parallelizable functions. To bring this idea into the
framework of type inference, it would require a new approach to discover such
invariants in an inductive manner.
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