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Abstract

We introduce generalizations of the Kolmogorov random strings, called minimal
index sets. The set of Kolmogorov random strings are known to be immune but
not hyperimmune. In contrast, minimal index sets are not only immune but
also immune against high levels of the arithmetic hierarchy. We give optimal
immunity results with respect to the arithmetic hierarchy and we consider the
set MINThick* 55 an intuitive counter-example. Of particular note here are the
fact that there are three minimal index sets located in IIg — X3 with distinct
immunities and that certain immunity properties depend on the choice of Godel
numbering. We show that minimal index sets are not hyperimmune. As a con-
sequence of this fact, we are able to construct a set which neither contains nor
is disjoint from any arithmetic set, yet it is O-majorized and contains a minimal
index set. Lastly, we present generalizations of the Kolmogorov random strings
which, unlike the more familiar random strings, need not be Turing complete.

1 Generalized random strings and shortest pro-
grams

Minimal indices, a.k.a. shortest programs, are generalizations of Kolmogorov random
strings. According to Kolmogorov complexity, strings which lack short descriptions
contain more information than those that have. This point-of-view matches our
intuition: a string which is truly random does not follow a simple pattern and requires
many bits to describe it. The index of a shortest program is always a Kolmogorov
random string because if it were not, then some smaller (a.k.a. shorter) index would
compute that program. The set

MIN = {e: (Vj < e) [W; # W.]}

thus contains the shortest descriptions or “random strings” for r.e. sets. One can
generalize this notion of other types of degrees as well:



Definition 1.1. We call the following sets minimal indexr sets. Minimal index sets
are based on equivalence relations and each set contains the least representative from
each equivalence class:

MIN* = {e: (V] < e) [W; #* W.]},
MIN™ = {e: (V] <€) [W; Zm Wel},
MINT™ — {e: (Vj <e)[W; Zrm Wel}

and

MINT® — N MINT®

necw

= {e: (vj < e)(¥n) [(W))™ #r (We)™}.

where A =pm B is shorthand for A™ =1 B™. If n = 0, we omit “(n)” from the
notation.

For simplicity, we place w and ) in the same m-equivalence class as the rest of the
recursive sets (for the remainder of this paper). If the particular G6del numbering is
relevant to the discussion, we shall add a subscript, as in MIN,,.

We recall the following definitions:

Definition 1.2. Let (D,) ., be the canonical numbering of the finite sets.

ecw

(1) A set is smmaune if it is infinite and contains no infinite r.e. sets.

(11) A set Ais hyperimmaune if it is infinite and there is no recursive function f such
that:

(a) (D), .., 1s a family of pairwise disjoint sets, and
(b) Df(i) NAG# 0.
The following is a generalization of Definition 1.2(i).

Definition 1.3. Let C be a family of sets. A set is C-immune if it is infinite and
contains no infinite members of C. If C is the class of r.e. sets, then we write immune
in place of C-immune.

Blum showed that MIN is immune [2] and Meyer showed that MIN is not hyperim-
mune [11]. Sections 2.1-2.2 contain analogous immunity results for the other minimal
index sets. In Theorem 2.6, in particular, we use immunity or “thinness” to distin-
guish among minimal index sets contained in the same arithmetic class. Section 2.3
provides a counterexample which is useful for intuition: it shows that immunity is
not, in fact, a simple refinement of arithmetic complexity. Section 3 shows that the
IT,,-immunity of some, but not all, minimal index sets depends on the Godel number-
ing. We show that minimal index sets are not hyperimmune (Section 4). Using this
fact, we construct a set which neither contains nor is disjoint from any arithmetic



set, yet is O-majorized and contains a minimal index set (Corollary 4.6). Thus a
pathological set becomes a bit more friendly. Lastly, in Section 5, we show that size-
minimal Kolmogorov random strings need not be Turing complete. This contrasts
with the more usual random strings, the special case where size is simply length,
which are wtt-complete under any Godel numbering and truth-table complete under
any Kolmogorov numbering [5].

For further background on minimal index sets, we refer the reader to [16] and [13].
Notation not mentioned here is described in [15].

2 Immunity and fixed points

2.1 The II3-Separation Theorem

Marcus Schaefer [13] made the following observations with regards to minimal func-
tions, but the results translate easily into sets. He attributes the main idea of (i) to
Blum [2, Theorem 3] and (ii) to John Case:

Theorem 2.1 (Schaefer [13]).

(1) MIN is immune.

(1r) MIN* is ¥o-immune.
Proposition 2.2 and Lemma 2.3 will be needed to prove the 1I3-Separation Theorem.
Proposition 2.2.

(1) MIN* e II;.

(1) MIN™ € II;.
(i) MIN=! € II5.
Proof. (i). {(j,e) : W; =* W.} € 3 [15]. O
(7). For any r.e. sets A and B,

A<n B <= (3e)(Vz) [pe(z) |l & (v€A <= ¢c(z) € B)],

which shows that A <,, B is a 22’ relation. It follows that A =,, B is also a 28’
relation. In particular, for

C={{e): W;=n W},

we have
Cexl =3,
Hence
e € MIN" «— (Vj <e) [{j,e) €],
which places MIN™ € II;. O



(iii). The same proof idea as for (ii) works because injectivity can be tested with a
(' oracle. O

Lemma 2.3.
(1) MIN* & 35.
(1) MIN™ ¢ 333.
(1) MIN=! & ¥3.

Proof. (i). Suppose MIN* € 33, let a be the *-minimal index for w and recall that
the set of cofinite indices

COF = {e: W, =" w}
is Y3-complete [15]. Note that

W, ="W. <= Vy) 3z >y)3s) (Vt>s) [W;(z) # Weu(x)], (2.1)
and

COF = (MIN* N COF) U (MIN* N COF)
={a}U{e: (Vj<e)[j e MIN"—{a} = W;# W,|}.

Now COF € II3, by (2.1) and because MIN* — {a} € X3 by assumption. This

contradicts the fact that COF is ¥3-complete. |
(ii). {e: W, =, C} is ¥3-complete whenever C' is r.e. This set now plays the role of
COF from part (i) [17]. O
(117). {e : W, =, C} is Yz-complete whenever C' is r.e., infinite, and coinfinite [3].
Since W; =; W, is decidable in X3, the same argument again applies. O
This completes the proof of the theorem. |

The proofs of Theorem 2.6 and Corollary 2.7 illustrate the connection between im-
munity for minimal indices and generalized fixed points. In the following theorem,
the cases =* and =7 were first proven by Arslanov and the remaining cases are due
to Jockusch, Lerman, Soare and Solovay.

Theorem 2.4 (generalized fixed points, Arslanov [1], Jockusch et al. [4]).
For every n < w,

(D) f<r 0 = (Je) [We =" Wy,
(H) f <t @H — (36) [We =m Wf(e)];
() f <7002 = (3e) We =1 Wye)-

Furthermore, e can be found effectively from n and an index for f.



Definition 2.5. An integer n is an i prime power if n = pf

p; is the i*" prime number.

for some k > 1, where

The following theorem shows that immunity can be used to distinguish between cer-
tain MIN-sets, even when the arithmetic hierarchy can not.

Theorem 2.6 (II3-Separation). MIN™, MIN* and MIN=! are all in I3 — X3, but
(1) MIN™ is ¥3-immune, whereas
(11) MIN* contains an infinite X3 set and

(1ir) MIN=! contains an infinite Yo set.

Proof. We already showed MIN™,  MIN* MIN=! € II3 — ¥3 in Theorem 2.3.

(i). MIN™ is known to be infinite as there are infinitely many many-one degrees of r.e.
sets. If MIN™ had an infinite ¥3-subset, then there would be a ()’-recursive function
f such that f(e) > e and f(e) € MIN™ for all e. This would imply

(Ve) [Wf(e) Fm We]a

in contradiction to a result of Jockusch, Lerman, Soare and Solovay (Theorem 2.4)
which says that such a ()-recursive function does not exist. O

(7). For every k, let

P, = {n:nis a k™ prime power},
Ak:{e:Weg*Pk}ﬂINF,
A={e:(Fk) (Vi<e)[ec Ay & j & A}

Now A C MIN*, as e € A implies W; #* W, for all j < e. Since the A;’s are disjoint,
any infinite B satisfies B C* A, for at most one k. Moreover, each A, contributes a
distinct element to A, hence A is infinite. Finally,

W,.C" P, <= (AN)(Vzx > N)[z e W, = 1z € P
< (AN)(Vz>N)[z gW, V x € B
< (AN)(Vz > N) (Vt) [t € Wy V z € Py,

which makes A, € Az, on account of INF € II,. It follows that A € ;. O

(71i). Define a sequence of finite sets by
A, ={z:0<z <k}
Furthermore, define

By = {e: W, has at least k elements} € ¥,



which means that
Cy = {e : W, has exactly k elements} = By, N Byy1 € As.
It follows from the Pigeonhole Principle that
We=1 Ay <= ec(y,

and therefore
{{e, k) : W, =1 A} € As.

Now

A={e:(3k)(Vj<e)[W; Z Ay AN W.=1 A}

is a Yo set. Moreover, A is infinite because each Aj represents a distinct =; class.
Since A C MIN=!, it follows that MIN=! is not Yy-immune. O

This completes the proof. O
Remark. 1t is worth noting that MIN=! is immune (simply because it is a subset of
MIN).

2.2 Upper minimal index sets

The goal of this section is to determine the immunity of MINT™

Corollary 2.7. For alln < w, MINT™ s Y ts-tmmune.

Proof. We follow the proof of the II3-Separation Theorem (Theorem 2.6(i)) and as
before, MINT™ is infinite (this will follow from Corollary 4.5).

Let n > 0 and let A be an infinite, 3,3 set. Suppose A C MINT™ . Since A is
infinite and r.e. in 02, we can define a ("*?-recursive function ¢ by

ge) = 7r1<(u(i,t)) i>e A ic At]>,

where {4,} is a )"+ -enumeration of A and , is projection in the first coordinate.
Now for all e, g(e) > e and g(e) € MINT". Therefore

(Ve) [We Zrm W),

contradicting Theorem 2.4. O

We now show that Corollary 2.7 is optimal. This will follow from a result by Lempp
and Lerman:

Theorem 2.8 (Lempp and Lerman [6]). Any countable L-structure which is con-
sistent with the order relation, the order-preserving property of the jump operator and
the property of the jump operator that the jump of an element is strictly greater than
the element, can be embedded into the r.e. degrees.
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The next corollary follows from Theorem 2.8 and will be useful in the proof of The-
orem 2.11. In the case of n = 0, Corollary 2.9 says that there exists a recursive
sequence of low, pairwise minimal r.e. sets.

Corollary 2.9. For every n, there exists a recursive sequence of r.e. sets Ag, Ay, ...
such that for all C' r.e. in 0™ and i # j,

(1) O <pm A

(1) (Ai) =g 0,
() [C<r (4)™ & C<r(4)W] = C <p 0™,
Definition 2.10. For n > 0,

(1) LOW"™ = {e: W, =¢m 0},

(1) HIGH" = {e : W, =) 0'}.
Theorem 2.11. For alln > 0, MINT™ s not Y ra-tmmune.
Proof. Let n > 0 and let Ap, Aq,... be the corresponding sequence of sets obtained
from Corollary 2.9. Define

By, = [{x: Wy <t Ar} N LOW"|,
B={e:(Fk)(Vj<e)lee By & j¢&Bl}.

Note that B <pm A is a ZS%A, relation. Since, for any z, both W, <iw (' and
(Ag) <t @', it follows that

(nt1)

This places By € A, 14, on account of LOW" € II,,, 5. Therefore B € ¥, 4.
Tt remains to show that B is an infinite subset of MINT™. Note that B,NB;j=10
for 4,7 with ¢ # j. Indeed, if e € B; N B;, then

We ST(") Az & We ST(”) Aj A € g LOWna

contradicting Property (iii) of Corollary 2.9. Now since By # () and each By con-
tributes exactly one element to B, B must be infinite.
Finally, assume e € B and let k be such that e € By and j ¢€ By, for all j < e.
Then for j < e,
We <py A A W Loy Ag,

which implies W, Zpm W;. Soe € MINT™ . That is, B € MINT", 0

Remark. Any set is A,-immune iff it is X,,-immune. Therefore our theorems regarding
Y ,-immunity also give the results for A, -immunity.



2.3 Intuition

The immunity results from Sections 2.1-2.2 are summarized in the following diagram.
The arithmetic results are optimal by Lemma 2.3 and [16, Theorem 1.3.4]. The set-
theoretic inclusions are immediate from the definitions.

. MINT" |1
. MINT 1T
4-1mmune ‘ -
MIN™ 14
Y3-immune MIN™
immune  MIN |2

Figure 1: A néive approach to minimal index sets, by reverse inclusion.

Based on this diagram, one might be tempted to believe that minimal index sets
which are higher in the arithmetic hierarchy are also more immune. This is not true,
and we devote the remainder of this section to a counterexample. Indeed, the set
MINThick* " defined below, is in ¥4 — I, and only Yo-immune, whereas MIN™ € II; is
Ss-immune. Our omission of MINTM* from Figure 1 makes the diagram coherent.

Definition 2.12. For A, B C w, define the equivalence relation
A =rpiace B < (¥n) [AM =* BIM] |

where Al = {x: (z,n) € A}.
Theorem 2.13.

(1) MINThick= ¢ %,

(11) MINThiek* o 11,
Proof. (1). {{j,e) : W; =* W.} € 33, 50 {(j, €) : W; =rhickr We} € 14 O
(ii). Let A € II;. Then there exists a relation R € 33 such that

re A <<= (Vy)R(x,y).

Since COF is ¥3-complete [15], there exists a recursive function g such that R(z,y)
iff Wy (s, is cofinite. Therefore

re€A = (V) [Wyay ="w].

8



Define a recursive function f by

W _
‘p;/(a:) = Py(z,y)-

Then

Wi(a) =Thicks w = (YY) [Wg(x,y) =" w}
< x €A,

which makes
Thick-COF = {e : W, =rpicks W}

I14-complete. .
Suppose towards a contradiction that MINTMY™ < TT, and let a be the =ryices-
minimal index for w. Then

Thick-COF = {e : W, =1pick« W}

={a}U{e: (Vj<e)[jeMIN™* —{a} = W, Zrniae We] } .

Now Thick-COF € ¥4, since W; =rpick« We can be decided in 11, and because
MINThk _ £4) e 11,
by assumption. This contradicts the fact that Thick-COF is II4-complete. |
Thickness contributes nothing to immunity, as evidenced by Corollary 2.15.
Lemma 2.14 (semi-fixed points). There exists a recursive function v such that
<o 0 = (3e) [Wie) =thicks Wie)] -

Proof. Using the s-m-n Theorem, define a recursive function v by

Ou) ((2,n) = {90%(“)(2) if p.(n) |

T otherwise.

so that for any x € TOT, .
Wu(w) - W‘Pz(n)'

Let f <t (' and define, again using the s-m-n Theorem, a recursive sequence of
()’-recursive functions {f,} by

Pt (2) = @p@) ((2,0))
so that

W@ = Wit

By the Generalized Fixed Point Theorem (Theorem 2.4), we can uniformly find a
recursive sequence {e,} such that for all n,

Wen =" an (e)-

9



Let e be an index so that
ve(n) = ey,.
Then for all n,

W%) =Wy = We, =" Wyy(e) = W}T(L]e)'
This means that
(Vf < 0) (3e) [Wae) =rhicem Wie)] (2.2)
which is what we intended to show. ]

Comparing Corollary 2.15 with the results from Section 2.1, we note that the thick
operator does not at all affect immunity:

Corollary 2.15. MINTYE* 4o S50 immune but not Es-immune.

Proof. MINThk* i¢ S immune follows immediately from the fact that MIN* D
MINTH®* and Theorem 2.1(ii). We show MIN™* is not ¥3-immune by modi-
fying the proof of Theorem 2.6(ii). All that is needed is to change the definition of
Ay so that it only applies to the first row of each r.e. set:

A ={e: WP C* B} NINF.

The rest of the proof is the same. O

3 Il,-immunity

Our discussion from the previous section gives tight bounds with respect to X,-
immunity. With the exception of MIN™ however, in which case Theorem 2.6 gives an
optimal immunity result, we are still left with open questions regarding II,,-immunity.
Unlike the other results from Section 2, IT;-immunity for MIN, ITo-immunity for MIN®
and II,,;3-immunity for MINT® depend on the numbering for the partial-recursive
functions.

Theorem 3.1. There exist Godel numberings ¢ and v such that
(1) MINy, contains an infinite I1; -set,
(1) MIN,, is I1;-immune.

Proof. Let ¢ be a given Godel numbering from which the numberings ¢ and v are
built. W, denotes dom ¢, throughout this proof.

(i). Define a Goédel numbering ¢ by 9= = ¢, and dom, = {y} when y is not a
power of two. Define a partial recursive function 6 by

0(z) =

n if n is the first element enumerated into W,
T otherwise.

10



Define a II;-set A by

A={y: (Vo) ly#2" AN [2"<y A O@)]) = 0(x) #y]]}-

We now show A C MIN,,. Let y € A, z < y and assume by way of contradiction that
dom, = dom1,. Now z = 2% for some x by definition of 1, since y is not a power
of two. It follows that

W, = dom ¢ = dom, = dom ¢y = {y},

and so #(z) = y. On the other hand, 2* < y and 0(x) |, which means that 0(x) # y
by definition of A. This is a contradiction.

It remains to verify that A is infinite. For every x > 2, there is a member y € A
between 2% and 2**1. This follows from easy cardinality reasons: there are 2% — 1
domains, namely {{2°+1},..., {277 —1}}, represented among the 1-indices between
27 and 2**1. The only 1-indices between 2% and 2*! that are not members of A are
those which have one of the following domains: {{6(0)},...,{0(z)}}. It follows that
there are at least (2% — 1) — (2 + 1) members of A between 2% and 277, O

(ii). Define the numbering v by

vy = everywhere undefined
and for z >0, j € {0,1,...,2% — 1},

. if there are at least 2* — 7 — 1 indices n < x
Voo j = such that {2%,2* +1,...,2* 4+ j} CW,,

vy otherwise.

Note that voey(9:—1) = @, for all x, which makes v a Godel numbering.
Suppose there were an infinite, II;-set W, such that W, C MIN,,. Choose z large
so that £ > e and
2" +j € W, C MIN,,. (3.1)

Now
{22 +1,...,2"+j — 1} CMIN, C W.,. (3.2)

By the definition of v and (3.1),

There are 2* — j — 1 indices n € {0,1,...,2} — {e} (3.3)
such that {2%,2* +1,...,2" + j} CW,. ’
By (3.2) and (3.3),

There are 2*° — j indices n € {0,...,z}
such that {2%,2" +1,...,2" + 5 — 1} C W,.

Thus 1501 (j_1) = @., contradicting the fact that 2* + 5 € MIN,. This means that
MIN, is IIj-immune. L]

11



This completes the proof. |
Theorem 3.2. There exists Godel numberings ¢ and v such that

(1) MIN;, contains an infinite Iy-set,

(11) MIN? is [ly-immune.

Proof. Let ¢ be a given Godel numbering from which the numberings ¢ and v are
built. W, denotes dom ¢, throughout this proof.

(i). Let Ey, Eq, Es, ... be a recursive partition of the natural numbers into infinitely
many infinite sets (as in Theorem 2.1(ii)). Define

A={n:3ke)2°<n AN |W.—E, <k AN |W.NE,|>Fk|}, (3.4)
and let
P=1{0,2°,2"2% ...}

Let Ble, k,n] denote the bracketed clause in (3.4). We verify that A N P is an infinite
II5-set. Note that for a fixed (k,e), Ble, k,n| can be decided with a halting set oracle.
It follows that A € ¥,, hence A N P € II,. Moreover, for each index e, there exists
at most one n satisfying Ble, k,n] (whether or not W, is finite) because the E,’s are
pairwise disjoint. It follows that A contains at most e + 1 indices below 2¢T!. In
particular, A has a member between 2¢ and 2¢! for every e, which proves that A N P
is infinite.
Define the Godel numbering 1) so as to satisfy:

® Yon = py;
o V,=FE,ifnc AnP.

It remains to show that AN P C MIN:;. Assume that n € AN P. By definition of
A, for all numbers 2% € P satisfying 2% < n,

Voo =W, #* E, =V,.
For the remaining indices © ¢ P with x < n, we have
Ve =FE, #" E, =V,
Therefore n € MIN™. O

Remark. The proof above shows even a bit more. Since finite sets are not ="-minimal,
we see that there is a recursive set, namely P, such that MINj N P is an infinite
II5-set.

12



(7i). We use the fact that the IIs-sets are those which are co-r.e. relative to K. Let
Wo, W1, Ws, ... be an acceptable numbering of the r.e. sets with corresponding partial
recursive functions g, 01, s, ..., let UE, UK UK ... be an acceptable numbering
relative to K and let

B={2"4j:0<j<2® A there are at least 2" — j — 1
indices n < x such that {2%,2% +1,...,2" + j} C UX}.

Since B € Yo, let {B;} be a recursive approximation to B satisfying
z€B <« (3t)(Vs>1t)[z € By

We define the numbering vy, v, ... with corresponding domains Vg, Vi, ... so that
the following three conditions hold:

o Vo =w;
e For 0 <j<2°—1,

Voeyj =W, U{t: (3s > 1) [2° +j € Bil};

This ordering satisfies

(3.5)

w otherwise.

L W, 2+ 5€ B,
Vzwrj_{ /

The third bullet makes v a Gédel numbering, so it remains only to show that MIN?
does not contain an infinite IIo-subset. Assume to the contrary, that UX C MIN.
As in Theorem 3.1(ii), choose z large so that = > e and

2% + j € UK C MIN?. (3.6)
Note that 7 > 0 because 2¥ ¢ B. It now follows from the definition of v that
{27 2" 4-1,...,2" +j — 1} C MIN} C U~. (3.7)
;From (3.5) and (3.6) we have that 2* + j € B, so by (3.6),

There are 2 — j — 1 indices n € {0,1,...,z2} — {e} (3.8)
such that {27,2% +1,...,2% + j} C UK. '
Finally by (3.7) and (3.8),

There are 2° — j indices n € {0,...,z}
such that {2%,2* +1,...,2° +j — 1} C UK.

This means that 2° + j — 1 € B and therefore Vozy;_; =" W,, contradicting that
2% 4+ j € MIN’,. O

13



This completes the proof. |

An analogous result holds for MINTW, using the following two lemmata.

Lemma 3.3 (Sacks Jump Theorem [12],[15]). Let B be any set and let S be r.e.
in B" with B" <t S. Then there exists a B-r.e. set A with A’ =1 S. Furthermore, an
index for A can be found uniformly from an index for S.

Lemma 3.4 (Schwarz [14]). Let B be a Xj.3 set, where k > 0. Then there exists
a recursive function f satisfying

r€B = f(z) € LOWF,
¢ B = f(r) € HIGH"

Proof. 1t is known [15, Theorem IV.4.3] that for any A € X3, there exists a recursive
function f satisfying

reB = f(x)e€ COF,
r¢ B = f(r)€ HIGH".

This proves the lemma in for the case n = 0. Relativizing [15, Theorem 1V.4.3|, we
obtain for each B € ¥, 3 a recursive g satisfying

re€B — Wg)((;; is cofinite,
r¢B — Wg)((;; =1 *+HD,
k iterations of the Sacks Jump Theorem 3.3 now yield the result. |
Theorem 3.5. For every k > 0, there exist Godel numberings b and v such that
(1) MINi(k> contains an infinite Iy, 3-set,
(11) MINS(k) is Iy 3-immune.
Proof. Fix k > 0. Let ¢ be any Godel numbering and let W, denote dom ..
(i). Let Ey, E1,... be a sequence of r.e. sets satisfying
o (Vn)[(En) =rw 0'];
o (Vi#j) B £ Ej.
For example, we can take Fy, E1,... to be the sets constructed in Corollary 2.9. Let
A={n:(Ve)[2° <n = W, L1 E,|}.
Since (E,) =pw O for all k, we have A € Tl 3. Let
P={2°2'2% ..}

Finally, define the Godel numbering 1) to satisfy

14



o wQ”:SDn;
o V,=FE,ifneP,

where V,, denotes the domain of .
Note that A N P is infinite, as there are at most e non-members below 2¢ for every
e. As AN P € I3, it remains only to show that A N P C MINim. Letne€ AN P.
If 2* < n, then
Voo =W, ﬁT(’O E, =V,.

If x <nand x ¢ P, then
VCE == Em ?_éT(k) En = Vn

Hence n € MINi(k). O

(ii). Let Uy, Uy, ... be an acceptable numbering relative to (%*+2). Define

B={2"4+j:0<j5<2® A thereare at least 2° — j — 1
indices n < x such that {2%,2" +1,...,2" +j} C U,}.

Since B € Y3, Lemma 3.4 gives off a corresponding recursive function f. Let g be
the recursive “jump inversion” from Lemma 3.3 and let

(

g" =gogo...og.
—_—

k

We define the Goédel numbering vy, vy, ... with corresponding domains Vj, Vi, ... by
o Vh=K;

e For 0 <j <27 —1,
k
Varrs = g% (W) & (Wy)™)

Now g satisfies

W, if2*+j € B,
Vae4j 1o / (3.9)
w  otherwise.
Due to the similarity between (3.9) and (3.5), we can now proceed exactly as in
Theorem 3.2(ii). O
This completes the proof. |

Remark. All of the Godel numberings in this section can be converted into Kolmogorov
numberings using a method such as [13, Theorem 2.17].
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4 Hyperimmunity

In Corollary 4.5, we exhibit a recursive sequence of indices which is common to all
minimal index sets herein. We conclude that minimal index sets are not hyperimmune
and we use this fact to build a special “cutting set” in Section 4.2.

4.1 Properties of MINT®

We investigate the minimal index set MINT*’. The main lemma of this section is
Corollary 4.1, which follows from Theorem 2.8 of Lempp and Lerman.

Corollary 4.1. There exists a recursive sequence {xy} such that for all n and 1,
(W)™ £ 3 (W)™ (4.1)

In particular, (W)™ |v (W)™ whenever i # j.

A direct proof of Corollary 4.1, without reference to [6], appears in [16, Theorem
6.1.1].

Remark. 1t is possible to replace (4.1) above with the stronger relation
(n)
(Wl‘i)(n) fT (@ ij) :
JF#i

This is mentioned in the discussion following [6, Theorem 7.10]. Lerman [7] recently
revised the older proof to handle this stronger case.

Definition 4.2. Let f be a total function and let A = {ayg < a; < ...} be a set.
(1) The function pa(n) = a, is called the principal function of A.
(11) A function f majorizes a set A if (Vn) [f(n) > pa(n)].

(1r) Let a be a Turing degree. A set A is a-majorized if there exists an a-recursive
function f which majorizes A.

Lemma 4.3 (Medvedev [10]). An infinite set A is hyperimmune iff A is not 0-
majorized.

We obtain the following paradoxical result:
Theorem 4.4 (peak hierarchy). MINT®
(1) is infinite,
(11) contains no infinite arithmetic sets and

(111) is not hyperimmune.

16



Proof. (i). Corollary 4.1 provides a denumerable list of distinct =) classes. |
(7). Follows from Corollary 2.7, because MIN™ € MIN™" for every n. OJ

(7ii). We verify that MIN™ gets majorized. Let {1} be as in Corollary 4.1. Then
for all n and i # j,

Wi e Wj.
Without loss of generality, g < z1 < ... since {z}} is recursive. Define the recursive
function
f(0) =z

f(n+1) = rpim),

and let p be the principal function of MINT®. Note that f (0) > 0 = p(0) and assume
for the purposes of induction that f(n) > p(n). Note that

p(n) < Tpmy < Tym) < Ty < -0 < Topm) = f(n+1),

so at least f(n) x;’s lie strictly between p(n) and f(n + 1), namely

{@ ey Trmy+1s - - Topmy—1}-

Hence, at least f(n) distinct =qw)-equivalence classes are represented by indices
strictly between p(n) and f(n + 1). Since less than f(n) classes are represented
in indices up to p(n), there necessarily must be a new =q)-class introduced strictly
between p(n) and f(n + 1). This forces p(n + 1) < f(n 4+ 1). Hence f majorizes

MINT . The result now follows immediately from Lemma 4.3. O
This completes the proof. ]

Consequently, the other minimal index sets in this paper share properties (i) and (iii):

Corollary 4.5. Every set containing MINT® s infinite but not hyperimmune.

Remark. ) is another familiar set which is hyperarithmetic and 0-dominated. How-
ever, unlike MINT*’, ) contains a copy of . This means that 0“) is not at all
immune.

4.2 A strange “cutting” set

Lusin once constructed a set of reals which neither contains nor is disjoint from any
perfect set [8], [9, Theorem 2.25]. By modifying Lusin’s construction and gently
expanding MINTM, we obtain an analogous construction for the arithmetic hierarchy
which is remarkably well-behaved.

Corollary 4.6. There exists a set X D MINT such that X :

(1) contains no infinite arithmetic sets,

17



(11) is not disjoint from any infinite arithmetic set and

(111) is 0-majorized.

Proof. We simultaneously enumerate disjoint sets X and Y so that both X and Y
intersect every infinite arithmetic set. Let Ag, A1, As,... be an enumeration of the
arithmetic sets. Let

X, = MINT*.
Yo = 0.
Now assume that X,, and Y,, have already been constructed, with
X, = MINT",
Y, ="0,
X, NY, =0 and for all k£ < n,
X, NA, #0,
Y, N A # 0.

Since MIN™* does not contain any infinite arithmetic sets (Theorem 4.4), it follows
that A, N MINT* is infinite, which means that
R, = (4,0 %) Y,

is infinite. Enumerate the least element in R, into X, and call this expanded set
Xn+l- Now o
Sn = (An N Yn) - Xn+1

is also infinite. Enumerate the least element in S, into Y,,. Finally, let

X =Jx.

new
Y= Jv.
new
This concludes the construction.
It is clear that X, satisfies the same inductive hypotheses as X,,. Consequently
X and Y are disjoint, because otherwise a common element would have been intro-
duced after finitely many stages. Furthermore,

X, NA, #0,
Y,NA,#0,

for every n, which proves (ii) and (i). Finally, (iii) follows because MIN™* is an
infinite subset of X, by Corollary 4.5 and Lemma 4.3. O

Remark. 1t is straightforward to construct a set which satisfies properties (i) and (ii)
from Corollary 4.6 but not (iii). In the construction of Corollary 4.6, one can achieve
this by first replacing Xy = MINT* with X = 0 and then, during enumeration into
X, by choosing an element so that X (n) > A, (n) rather than just enumerating the
least element in R,,.
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5 Size-minimal random strings

We recall a theorem of Arslanov.

Theorem 5.1 (Arslanov Completeness Criterion [1]). For any r.e. set A,
A=l < (3f <r A) (Vo) Wi # Wal.

In this section, s is a recursive function whose name stands for “size.” Size-minimal
indices and descriptions of smallest size have received attention in [13, Section 3].
Schaefer [13] shows that there exists a recursive size-function s (independent of the
Godel numbering ¢) such that

MINg s = {e: (V]) [s(4) < s(e) = ¢; # @c]}

is hyperimmune, although this can not happen as long as s(e) < s(e 4+ 1) for all e.
When MIN,, ; is hyperimmune we have MIN,, ; 2y 0 [13] and when s is the identity
function we have MIN,, ; =7 0" [11], however the Turing degree of MIN,, s remains
open in general.

Our investigation of size-minimal indices leads us to a generalization of the Kol-
mogorov random strings which has not yet received attention in this paper. The
Kolmogorov random strings are defined as

Ry ={x: (Vj) [I(7) < U(z) = ¢;(0) # 2]},

where [ is the length function for integers encoded in binary. ! could be taken to be
any recursive function s, however, as in

Reo ={z: (Vj) [s(j) <s(x) = »;(0) # =]}
Let
N=A{z:(3))[s0) <s(z) A ¢;(0) ==z}
be the complement of R, ;. Clearly NV is an r.e. set. The Turing degree of NV depends
on which of the following two cases applies.

(a) For all ¢ there is an x ¢ N with s(z) > c.

Let ¢ be a recursive function such that ¢y (0) is the first element enumerated
into W, whenever it exists; so ¢y)(0) is defined iff W, # 0. Now define a
function fV such that for every e, Wyn(,) = {«}, where x is the first number
found such that = ¢ N and s(z) > s[t(e)]. This means @y (0) & Wyn(). It
follows that W, # Wy~ () for all e and hence the Turing degree of N is fixed-
point free. By Arslanov’s Completeness Criterion 5.1, N =1 K.

(b) There is a constant ¢ such that for all z ¢ N it holds that s(z) < c.

In this case, not much can be said about the Turing degree of N. Indeed, the
m-degree of N can be chosen to be equivalent to the m-degree of any r.e. B as
follows, with B, B both not empty.

Given ¢ and B, one constructs s via a sequence ag, ai,as, ... in stages. For
this, let by, b1, be,... be a recursive one-one enumeration of the set B. Now
ag, 1, s, . .. is chosen using the Padding Lemma such that the following holds:
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® a, >a,+2forally <u;
a; ¢ {2by,2bp + 1} U {261,261 + 1} U ... U{2b,,2b, + 1};

2b, if s(20,) =1,
2b, +1 if s(2b,) = 0;

o if x € {ag,a1,...,a,} then s(z) =0 else s(x) = 1.

In the last condition, s designates ag, aq, ... to be the “small” indices, all other
indices are “large”. Note that the first and last condition together imply that
s(x) and s(z + 1) are never both 0. Thus, according to the third condition,
B<,NbyzeB<&2r+1—s(2x) € N. Furthermore,

(
(N(2z), N(2z + 1)) = E
(

This can be used to show that N <,, B. So N and B are many-one equivalent.
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