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Abstract

We present two techniques for approximating probability distributions. The �rst is a simple

method for constructing the small-bias probability spaces introduced by Naor & Naor. We

show how to e�ciently combine this construction with themethod of conditional probabilities

to yield improved NC algorithms for many problems such as set discrepancy, �nding large

cuts in graphs, �nding large acyclic subgraphs etc. The second is a construction of small

probability spaces approximating general independent distributions, which is of smaller size

than the constructions of Even, Goldreich, Luby, Nisan & Veli�ckovi�c. Such approximations

are useful, e.g., for the derandomization of certain randomized algorithms.

Keywords. Derandomization, parallel algorithms, discrepancy, graph coloring, small sample

spaces, explicit constructions.

1 Introduction

Derandomization, the development of general tools to derive e�cient deterministic algorithms
from their randomized counterparts, has blossomed greatly in the last decade. The best-known
deterministic solutions for several classical problems such as testing undirected graph connectivity
within limited space bounds, take this approach [24]. Two motivations for research in this area
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are the non-availability of \perfect" random sources, and the need for absolute (non-probabilistic)

guarantees of correctness in, say, critical applications. The fact that computers do not use \real"

random sources prevents randomized algorithms from having a sound footing; it has been shown

that if algorithms such as randomized Quicksort are not implemented carefully when used with

some existing pseudorandom generators, their expected running times can be high [17]. There

have also been reports of Monte-Carlo simulations giving quite di�erent results under di�erent

random-number generators [12], and direct implementations of certain RNC algorithms taking

longer time than expected due to the pseudorandom nature of computer-generated \random"

bits [15, 14]. In this paper, we present two new techniques for derandomization. The �rst

leads to improved NC algorithms for many basic problems such as �nding large cuts in graphs,

set discrepancy, (� + 1)-vertex coloring of graphs and others while the second improves the

constructions due to [11] of small sample spaces for use in derandomization. We also show

how the �rst method could potentially be used to solve some other open problems in parallel

computation. The second method yields smaller sample spaces for the e�cient derandomization

of randomized algorithms.

Three major known approaches to derandomization are the techniques of limited independence
([18, 19, 1]), the method of conditional probabilities ([26, 29]), and small-bias probability spaces
([22, 3, 2]). We now discuss these methods brie
y. Let the set f1; 2; : : : ; ng be denoted by [n].

De�nition 1 Random variables X1;X2; : : : ;Xn are k{wise independent if for any set I � [n] of
at most k indices and for any choice of v1; v2; : : :, we have Pr(

V
i2I(Xi = vi)) =

Q
i2I Pr(Xi = vi).

E�cient constructions of sample spaces S � f0; 1gn of size usually much smaller than 2n,
such that the distribution induced on f0; 1gn by sampling uniformly at random from S is k{wise
independent, are given, e.g., in [16, 19, 1]. The idea here is to analyze a given randomized
algorithm and to show that its behavior is good enough if the Xis are k-wise independent for
a suitably large k = k(n), rather than completely independent. One can then search over all

points in k-wise independent sample space and deterministically output a good sample point for
the randomized algorithm.
However, if k is too large{in particular if k is not bounded but grows with n, then in most

cases, k-wise independent sample spaces for the Xis have superpolynomial (in n) size: too large
for e�cient exhaustive search. Motivated by the fact that randomized algorithms are usually

robust to small changes in the probabilities, Naor & Naor observed that it often su�ces if the
sample space is almost k-wise independent [22], captured by

De�nition 2 (a) A sample space S � f0; 1gn is said to be �-approximate if when ~X = (X1; : : : ;Xn)

is sampled uniformly from S, for all I � [n] and for all b1; : : : ; bjIj 2 f0; 1g we have jPr(Vi2I(Xi =

bi))�2�jIjj � �. (b) S is called k-wise �-approximate, or roughly as \almost k-wise independent",

if the inequality in (a) holds for all I such that jIj � k.

The important work of [22] actually presents e�cient constructions of \�-biased" sample spaces

S � f0; 1gn (to be de�ned in x2), and shows that they are �-approximate; thus we have e�cient

constructions of almost k-wise independent spaces that are often much smaller than their k-wise
independent counterparts. Small-bias spaces have since become very useful in derandomization,

as several randomized algorithms are robust to such small changes in the probabilities. For
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instance, another major derandomization approach, which uses dispersers and extractors that we

do not de�ne here, also uses small-bias spaces: see, e.g., the survey of Nisan [23].

A third key approach to derandomization, the method of conditional probabilities, can be

described informally as follows. Suppose a randomized algorithm chooses n random bits ~X =

(X1; : : : ;Xn) and outputs a function f( ~X). Typically, by analysis we can show that E(f( ~X))

is \large". By de�nition, there exists ~X0 such that f( ~X0) � E(f( ~X)). The goal is to �nd such

a point ~X0; this \deterministic sample" can then be used to make the algorithm deterministic.

The method of conditional probabilities is to �nd this point by setting the components of ~X0

one bit at a time deterministically. We do this so that at every stage, the expectation of f( ~X)

conditioned on �xing the values of the components up to now is non{decreasing. This ensures

that when we have assigned all n components we have found an ~X0 such that f( ~X0) � E(f( ~X)).

In [20], Luby observed that using limited independence directly in some parallel algorithms

leads to a high processor complexity, and introduced a way of combining limited independence

with the method of conditional probabilities which led to processor-e�cient algorithms. His

method has been used and extended to derive NC algorithms for fundamental problems such as

set discrepancy [8, 21].
The motivation for our �rst method is similar to that of [20]. We observe that for a large

class of problems, direct use of small-bias spaces leads to ine�cient NC algorithms, and present
a way to combine them with the method of conditional probabilities to get signi�cantly better
NC algorithms. Using this we obtain improved NC algorithms for many basic problems such

as �nding large cuts in graphs, set discrepancy, (� + 1)-vertex coloring of graphs and others
(here and from now on, when given an undirected graph G, � will denote its maximum degree).
In each application, our method results in algorithms that are faster than previously known
algorithms or match the running time of the fastest known algorithms with a signi�cant reduction
in the processor complexity. We assume the EREW PRAM model throughout, and to describe

our results we denote an O(p(n)) processor, O(t(n)) time deterministic parallel algorithm by a
(p(n); t(n)) algorithm.
The �rst application of our technique is to the classical set discrepancy (or set balancing)

problem:

De�nition 3 (Set Balancing): Given a ground set X and subsets S1, . . . ,Sn of X where

jXj � n and jSij � s for each i, �nd an assignment � : X ! f0; 1g such that disc(�)
:
=

maxi jPj2Si
�(j)� jSij

2
j is \small".

Spencer [29] gave a polynomial{time algorithm to �nd an assignment � with disc(�) =
O(
p
s log n). NC3 algorithms to �nd an assignment � with disc(�) = O(s1=2+�

p
log n), for any

�xed � > 0, were �rst given in [8, 21] and small-bias spaces were used to do this in NC1 [22], but

with 
(n3+2=�) processors. We derive an NC1 algorithm with processor complexity O(n1+�0+2=�)

for any �xed �0 > 0 which is an improvement of 
(n2��0

) in the processor complexity. This

yields improved algorithms for problems like vector{balancing [28], lattice approximation [26],
and computing �-nets and �-approximations for range spaces with �nite V C-dimension [10].

Set balancing is a special case of the following general problem. LetX1;X2; : : : ;Xn be unbiased

and independent random bits, and let X =
Pna

i=1 fi(Xi;1;Xi;2; : : : ;Xi;b logn) where a and b are

constants. We wish to �nd a sample point X0 2 f0; 1gn deterministically such that X0 �
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E[X]. This general framework, which models the derandomization of many RNC algorithms,

was introduced in [8] (see also [21]), where an (na+b; t log3 n) algorithm is given (here we assume

that each fi is computable in O(t) time with one processor). In most cases (e.g., set discrepancy),

it su�ces to �nd a sample point X0 such that X0 � E[X] � n��(1). In these cases our method

yields an O(na+b+�; t log n) algorithm for any �xed � > 0, or at the other end of the spectrum,

an (na+b log2 n; t log2 n) algorithm. Small-bias spaces can be used here to obtain O(t log n) time

NC algorithms, but the processor complexity would be 
(n3a+2b log2 n).

The problem of �nding a heavy codeword, which generalizes the classical problem of �nding

a large cut in a graph, was introduced in [22]. Given a matrix A 2 Zm�n
2 , no row of which

has only zeroes, the problem is to �nd an x 2 Zn
2 with Ax (over Z2) having at least m

2
ones.

Small-bias sample spaces are used in [22] to obtain a (minfm4n2;m3n3g, log(m+ n)) algorithm,

thus placing the problem in NC. Our method directly yields a range of better NC algorithms for

this problem with a continuous processor{time tradeo�: the algorithm with the best processor-

complexity is an (n2m; log(n + m) logm) algorithm, and the best time-complexity algorithm is

an (n2m1+�; log(m + n)) algorithm, for any �xed � > 0. (Note the signi�cant improvement in

the processor complexity, even for this latter algorithm that runs in O(log(m+ n)) time.) The
problem of �nding a large cut in a graph G = (V;E) with jV j = n and jEj = m, is to �nd
a cut in G with at least m

2
cut edges; this well-known problem is a special case of the heavy

codeword problem. NC algorithms of complexity ((n + m); log2 n) are known for this problem
(see, e.g., [20]). Small-bias spaces can be used to obtain an NC1 algorithm but with a processor

complexity of �(m3 log2 n). Similarly, direct use of pairwise independent sample spaces leads to
an NC1 algorithm, but with a processor complexity of mn. In contrast, our method yields an
((m+ n)n�; log n) algorithm for this problem, for any �xed � > 0.
We combine our method with some ideas of Alon & Naor [4] to derive improved algorithms

for some other basic problems. Given a graph G = (V;E) with jV j = n, jEj = m and having

a maximum degree �, a (� + 1)-vertex coloring of the graph can be computed by an ((n +
m); log3 n log log n) algorithm [20]; an improved ((n+m)= log log n; log2 n log log n) algorithm that
runs on the CREW PRAM, has been devised by Han [13]. We improve these time complexities
by presenting an ((n + m)n�; log2 n) algorithm where � > 0 is any constant. This gives faster
algorithms for other problems such as the much harder �-vertex coloring problem [25]. We

use similar ideas to derive a faster algorithm for approximating the maximum acyclic subgraph
problem [9], incurring a small processor penalty.
Thus, our �rst method yields the fastest known NC algorithms for a large class of problems,

without a big processor penalty. Though decreasing the running time at the expense of an

increased processor complexity may be viewed as impractical, we view some of these results

as progress toward pinpointing the best time complexity possible for such problems, while still

having a relatively small (and certainly polynomial) processor complexity; for problems (such

as maximal acyclic subgraph) for which we present the �rst NC1 algorithms, note that the
running time is optimal for any NC algorithm. Though our results hold for the PRAM, they use

only basic operations like simple arithmetic over GF [2t] (where t = O(log n)) and over < and

comparison, and we hope that they can be employed in realistic parallel networks. Our method

also yields a potential approach to some open problems, where the conditional estimator is a sum

(of a certain type) of nO(polylog(n)) terms, each depending on O(log n) unbiased and independent
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random bits. A key example of this arises in solving set discrepancy in NC, with discrepancy

O(
p
s log n){a challenging open question [8, 21]. We show that if a certain small-bias space S

is e�ciently constructible, then our method can solve the above class of problems in NC. This

would be interesting since most current methods cannot tackle a superpolynomial number of

terms. However, we do not yet know if S exists.

We now turn to the second type of derandomization technique presented. Given the utility

of small spaces approximating the joint distribution of unbiased and independent random bits,

the general problem of approximating arbitrary independent distributions was addressed in [11].

If X1; : : : ;Xn 2 f0; 1; : : : ;m � 1g are independent random variables with arbitrary individual

distributions and joint distribution D, a sample space S is a (k; �)-approximation for D if, for
~Y = (Y1; : : : ; Yn) sampled uniformly from S, for all index sets I � f1; : : : ; ng with jIj � k, and

for all a1; : : : ; ajIj 2 f0; 1; : : : ;m� 1g,

jPr(^i2I(Yi = ai))�
Y
i2I

PrD(Xi = ai)j � �:

Such sample spaces have obvious applications to reducing randomness and derandomization.
Three constructions of such small sample spaces are presented in [11], each suitable for di�erent

ranges of the input parameters. We provide a construction which is always better than or as good
as all of their constructions. Our sample space is of size poly(log n; 1=�; (dk= log(1=�)e)log(1=�)).
As in [11], we reduce this problem to a geometric discrepancy problem; our improvement follows
from our improved solution for this latter problem. As pointed out in x6.1, improved solutions for
this geometric discrepancy problem also yield improved methods for certain classes of numerical

integration problems.
The basic idea behind our �rst method is presented in x2, followed by some direct applications

of it, in x3. Section 4 presents some extensions of the basic method, and potential applications
of the �rst method are shown in x5. Next in x6, we present our second derandomization tool,
and x7 concludes.

2 The �rst method: basic ideas

Notation. For any positive integer n and for any a; b 2 f0; 1gn, let <a; b> denote the dot

product, over Z2, of a and b: <a; b> = (
P

i aibi) mod 2. For a binary vector y, wt(y) denotes

its Hamming weight, i.e., the number of components which are 1 in the vector. Logarithms are
to the base two, unless speci�ed otherwise.

De�nition 4 The bias of a binary random variable X is bias(X)
:
= Pr(X = 0) � Pr(X = 1).

Let � be a nonzero vector in Zn
2 and let ~X = (X1; : : : ;Xn) be sampled uniformly from a sample

space S � f0; 1gn. The bias of S with respect to � is bias(< ~X;�>) and is denoted biasS(�). If
jbiasS(�)j is bounded in magnitude by � for all nonzero �, then S is said to be �-biased.

The biases of a sample space S with respect to the vectors � 2 Zn
2 are the Fourier coe�cients

of the probability distribution DS induced on f0; 1gn by sampling uniformly from S [22]. The

Fourier bases are the functions f�, where f�(x) = (�1)<�; x> for x 2 f0; 1gn. If c� is the
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Fourier coe�cient with respect to � (i.e., the bias of S with respect to �), then by standard

Fourier inversion,

DS(x) = 2�n
X

�2f0;1gn

c�f�(x)

for x 2 f0; 1gn. From this it can be shown that if all the Fourier coe�cients of DS are bounded in

magnitude by �, then the sample space is �-approximate. NC1 constructions of sample spaces of

sizeO(n=�3) with Fourier coe�cients bounded in magnitude by � were developed in [2], improving

on those of [22]. NC1 constructions of three di�erent sample spaces of size O(n2=�2), were

presented by [3].

The basic idea behind our construction of approximate sample spaces is the following simple

and well-known fact:

Fact 1 Let X1; : : : ;Xk be independent binary random variables, with bias(Xi) = �i. Then, the

random variable Yk = X1 �X2 � : : :�Xk has bias �1 � �2 � � � �k.

Proof. We supply an elementary proof for completeness. The bias of Yk is Pr(Yk�1 =
0)Pr(Xk = 0) + Pr(Yk�1 = 1)Pr(Xk = 1) � Pr(Yk�1 = 0)Pr(Xk = 1) � Pr(Yk�1 = 1)Pr(Xk =
0) = bias(Yk�1)bias(Xk), and hence equals �1 � �2 � � � �k by induction on k. 2

The new construction of small-bias sample spaces uses this fact as described in the following

lemma.

Lemma 1 Let S0 be an �0-biased sample space and let ~X1; : : : ; ~Xt(�) be sampled independently

and uniformly at random from S0, where t(�) = dlog(�)= log(�0)e. De�ne ~X = ~X1 � � � � � ~Xt.

Then the sample space (multi-set) S of all such ~X is �-approximate.

Proof. Fix any nonzero � 2 f0; 1gn. By de�nition, the bias of <X;�> is the bias of

< ~X1; �>� � � � �< ~Xt; �>. Since the bias of each < ~Xi; �> is bounded in magnitude by �0, the
lemma follows from Fact 1. 2

Thus our construction of sample space S is to start with a sample space S0 of much larger bias

and then to XOR independent samples from S0. A space constructed like this will, in general, be
larger than those obtained by direct constructions of �-approximate spaces. However when we
actually use this method in designing deterministic algorithms, we will take the di�erent samples

from the space S0 using the method of conditional probabilities. Since the base sample space S0

has jS0j � jSj, this will yield more e�cient algorithms since we have much fewer points to try

out while derandomizing.
Since our idea is to use a known construction of small-bias sample spaces to bootstrap itself,

we describe a known construction of small bias sample spaces for completeness.

Theorem 1 ([3]) Let bin: GF (2m) 7! f0; 1gm be the standard binary representation of the �eld

of 2m elements which satis�es bin(0)= 0m and bin(u + v) = bin(u)� bin(v). Given any two

�eld elements x and y, de�ne the n-bit string r(x; y) to be r0(x; y) : : : rn�1(x; y), where ri(x; y) =
<bin(xi);bin(y)>. The sample space consisting of the string r(x; y) for all choices of x and y is

(n�1
2m

){biased. Thus there is an explicit �{biased sample space of size O(n2=�2).
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Similar de�nitions can be made for sample spaces that are k-wise �-approximate. A sample

space S is said to be k-wise �-biased if jbiasS(�)j � � for all nonzero � 2 Zn
2 with wt(�) � k. A

k-wise �-biased space is k-wise �-approximate [22]. Sample spaces of size O(minfk logn
�3

;
(k logn)2

�2
g)

which are k-wise �-biased can be constructed in NC1 [22, 3, 2]. If S0 is k-wise �0-biased in

Lemma 1, then the resulting space S is k-wise �-biased. Thus our construction extends directly

to yield k{wise �{biased sample spaces.

3 Direct Applications of the First Method

Throughout this section we use G = (V;E) to denote a graph on n vertices and m edges, with

maximum degree �. �; �0; �00; �1; �2 etc. denote arbitrarily small positive constants.

3.1 Cuts in Graphs and the heavy codeword problem

As a straightforward application of our method, we consider the heavy codeword problem [22]:

given A 2 Zm�n
2 , �nd an x 2 Zn

2 such that Ax (over Z2) has at least
m
2
ones. In the following ai

denotes the ith row of A, and we assume that the ai's are nonzero. As pointed out in [22], if x

is picked from an �-biased space S with � = 1
2m
, then

E[wt(Ax)] =
mX
i=1

Pr(<ai; x> = 1) =
mX
i=1

 
1 � bias(<ai; x>)

2

!
� m (1=2 � �=2)

and thus, there exists an x 2 S with wt(Ax) � dm (1=2 � �=2)e = dm=2e. But, an 1
2m
-biased

space has 
(minfm3n;m2n2g) points if we use the known constructions and for each point, the

obvious derandomizing algorithm needsmn processors to computeAx. Thus, direct use of small-
bias spaces results in high processor complexity. Instead, we start with an m��-biased sample
space S0 and pick x, as in x2, to be the bit-wise XOR of ` = d(log 2m)=(logm�)e = O(1) many
independent samples Y1; Y2; : : : ; Y` from S0.
We show that the method of conditional probabilities can be used to �nd a \good" sequence

Y �
1 ; : : : ; Y

�
` e�ciently in NC. Assume that we have already �xed the values of Y �

1 ; : : : ; Y
�
j�1. De�ne

the conditional estimator at stage j to be

fj�1(Y
�
1 ; : : : ; Y

�
j�1)

:
=

mX
i=1

(1� bias(<ai; x>jYk = Y �
k ; 1 � k � j � 1))

2

We want a Y �
j 2 S0 which maximizes fj(Y

�
1 ; : : : ; Y

�
j ). We need only show that fj(Y

�
1 ; : : : ; Y

�
j )

can be computed e�ciently for all points Y �
j 2 S0. Fix Y �

j 2 S0, and let b =
Lj

k=1 Y
�
k . Thus,

x = b � z, where z = Yj+1 � � � � � Y` with Yj+1; : : : ; Y` picked uniformly and independently

from S0. Thus, bias(<ai; x>jYk = Y �
k ; 1 � k � j) equals bias(<ai; z>) if <ai; b> = 0, and

�bias(<ai; z>) otherwise. Note the crucial role of the independence of the di�erent samples.

From Fact 1, bias(<ai; z>) = (biasS0(ai))
`�j . The algorithm is described in detail in Figure 1.

The size of S0 is O(m
3�n) and hence we can precompute biasS0(ai) for all the ai's using mnjS0j

processors in O(log n + logm) time. At each of the ` stages we have jS0j choices for Y �
j and
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Construct a sample space S0 which is �0 = m�� biased.

For each i in parallel precompute biasS0(ai).

For j from 1 through ` = d log2m
logm� e do

For each element y of S0 in parallel do

Compute b = (
Lj�1

k=1 Y
�
k )� y.

For each i in parallel do

If <ai; b> = 0 then let biasi(y) = (biasS0(ai))
`�j

else let biasi(y) = �(biasS0(ai))`�j
Let Y �

j 2 S0 to be any y 2 S0 which maximizes
Pm

i=1(1� biasi(y))

Output
L`

k=1 Y
�
k .

Figure 1: E�cient NC algorithm for the heavy codeword problem

fj(Y
�
1 ; : : : ; Y

�
j ) can be evaluated in O(log(m + n)) time using O(mn) processors. Alternatively,

we could choose S0 of constant bias and the same idea (with ` = O(logm)) gives an (n2m; log(m+

n) logm) algorithm.

Theorem 2 For any �xed � > 0, there are (n2m1+�; log(m + n)) and (n2m; log(m + n) logm)
algorithms for the heavy codeword problem.

We reiterate the points which led to e�ciency: (a) the search space S0 has jS0j �minfm3n;m2n2g,
and (b) we directly compute a good point x, avoiding the costly matrix{vector multiplications.
Given a graph G, similar ideas work to �nd a cut with at least m

2
edges. If each vertex picks a bit

to decide which side of the cut it lies on, and if the bits come from a 2-wise 1=(2m){biased sample
space, then dE[# cut edges]e � m=2. Direct use of biased spaces yields an (m3 log2 n; log n)
algorithm. A better algorithm can be obtained by using a sample space which guarantees pairwise

independence and this results in a (mn; log n) algorithm. In contrast, using our method we obtain

Theorem 3 There is an ((n+m)minf(log n)=�3; (log2 n)=�2g; log2 n= log(1=�)) algorithm for any

� = �(n;m) < 1, for the large cut problem. In particular (by choosing � = n��=3), the large cut

problem can be solved by an ((n+m)n�; log n) algorithm, for any �xed � > 0.

Proof. As for the heavy codeword problem, we imagine constructing the desired pairwise

1=(2m){biased space by starting with an e�ciently constructed pairwise �{biased space S0 and
taking the XOR of ` = O(log n= log(1=�)) independent samples from S0. As before, we deran-
domize this construction by �xing the ` choices{elements of S0{one by one; each such �xing takes

O(log n) time using O(n +m) processors. Thus, the processor and time bounds follow. 2

3.2 Applications using biases to compute probabilities

We now outline a more involved application where we use the biases of the base distribution to
compute probabilities of events by Fourier inversion. Given subsets S1; : : : ; Sn of a set X where
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jXj � n and jSij � s for each i, the set discrepancy problem is to �nd a � : X 7! f0; 1g such that
disc(�)

:
= maxij�(Si)� jSij

2
j is \small", where �(Si) =

P
j2Si �(j). It is shown in [8, 21] that if we

choose k = 2dlog(2n)=(� log s)e and choose the assignments �(j); j 2 X, k-wise independently

then

Pr( (9i) j�(Si)� jSij
2
j � s0:5+�

q
log n ) �

nX
i=1

E[(�(Si)� jSij

2
)k]

(s0:5+�
p
log n)k

< 1: (1)

This is used to derive NC3 algorithms which �nd a � with disc(�) � s0:5+�
p
log n. It is shown

in [22] that (1) holds even if the assignments �(j); j 2 S are k{wise �-biased for � < 1=(2n1+1=�),

leading to an (
(n3+ 2

� ); log n) algorithm. We signi�cantly improve on this processor complexity

while retaining the O(log n) running time, using Fourier coe�cients to compute probabilities.

Expanding E[(�(Si) � jSij

2
)k] gives O(n

2

� ) terms, each of the form c � Pr(Xi1 = � � � = Xit = 1),

with t � k and c a constant. We know how to compute probabilities of events once we we know

the Fourier coe�cients as shown in x 2. In this case we can express the term c � Pr(Xi1 = � � � =
Xit = 1) as the sum of 2t = no(1) bias terms, using the Fourier bases. Now exactly as in the

case of the algorithm for the heavy codeword problem we can start with a k-wise n��
00

-biased
S0 and pick a \good" � using O(1) samples from S0. At each stage we choose a point in S0

which minimizes the expectation which we have expressed in terms of the biases. The number
of sample points we need to try at each stage jS0j = nO(�00) and the number of bias terms we

need to consider is n
2

�
+o(1). The algorithm runs in time O(log n) and the number of processors

we need for each stage is O(n1+ 2

�
+�0

). Thus we can obtain the following.

Theorem 4 There is an (n1+ 2

�
+�0

; log n) algorithm to �nd a � for the set discrepancy problem

with disc(�) � s0:5+�
p
log n, for any �xed �; �0 > 0.

The set discrepancy abstraction has been used to solve other problems such as vector balancing

[28], lattice approximation [26] (see also the description in [21]) and for computing �-nets and
�-approximations for range spaces with �nite V C{dimension [10]. Theorem 4 implies improved
NC algorithms for all these problems. Our method also yields improvements in processor com-
plexity for algorithms which �nd an assignment � with disc(�) = O(

p
s log n). We can derive a

(s�(logn); log n) algorithm with the constant in the exponent of the processor complexity roughly
half of what a direct implementation using regular �-biased spaces can yield.

3.3 A general framework

Set discrepancy has been captured as part of a more general framework in [8], and we can extend
the above method to this general framework to derive improved algorithms. Suppose X1; : : : ;Xn

are unbiased and independent random bits and let X =
Pna

i=1 fi(Xi;1;Xi;2; : : : ;Xi;b logn). We wish
to �nd a sample point X0 with X0 � E[X], where a and b are constants.

An (na+b; t log3 n) algorithm is presented for this problem in [8] if each fi is computable in O(t)

time with one processor. In many cases, such as the set discrepancy problem above, if the Xis
are b log n-wise, �-biased with � = n�O(1), we can �nd a sample point with X � E[X] � n��(1)

which su�ces. We can �rst express E[X] as a sum of at most na+b bias terms, via the Fourier

coe�cient method used above for set discrepancy. Then, if we start with a sample space S0

9



with n��=3 bias and use the same approach as for set discrepancy we can get an (na+b+�; t log n)

algorithm. On the other extreme, if we start with a sample space which is of constant bias we can

get an (na+b log2 n; t log2 n) algorithm. In contrast, directly plugging in the required small-bias

sample space only gives an (
(n3a+2b); t log n) algorithm.

As another example we can get from our improved algorithm for the general abstraction, an

improved algorithm for a special case of the set discrepancy problem. If s = logO(1) n in the

set discrepancy problem, then an (n2 logO(1) n; s2 log3 n) algorithm is given in [8] to �nd � with

disc(�) = O(
p
s log n). The original algorithm uses the above general framework as a subroutine

and replacing the original algorithm with ours results in the following improvement. We refer

the reader to [7, 8] for details.

Theorem 5 If s = logO(1) n in the set discrepancy problem, then there is an (n2+�; s2 log n)

algorithm to �nd � with disc(�) = O(
p
s log n), for any �xed � > 0.

4 Handling multivalued variables

In this section we consider a family of applications where the random variables of interest are

uniform over f0; 1gq for some q > 1. The parameter q is usually at most polylogarithmic in
the input size N , in our applications. By combining our basic method with some ideas of [4]
we get improved parallel algorithms for various problems. Some of these problems can also be
solved using the above-seen general framework; however, the solutions we give here are better
than those obtained as instances of the general framework.

4.1 The Pro�t/Cost problem

The �rst application we describe is related to the \General Pairs Bene�t Problem" of [20], which
was called the \General PROFIT/COST Problem" in the conference version of [20] (Proc. IEEE
Symposium on Foundations of Computer Science, pages 162{173, 1988). This general problem,

which models problems such as (�+1)-vertex coloring of graphs [20], requires a few details that
are not pertinent to our work (� here refers to the maximum degree of a given graph). It is
shown in [20] that such details, e.g., the existence of suitable \pessimistic estimators", can be
abstracted away, leading to the following problem, which we also focus upon. Our presentation
is slightly di�erent from, but essentially equivalent to, that of [20].

We are given a graph G = (V;E), with jV j = n and jEj = m. Also given are non-negative

functions Profitv : f0; 1gq ! <+ and Costu;v : f0; 1gq�f0; 1gq ! <+, for all v 2 V and fu; vg 2
E. The Pro�t and Cost functions are assumed to satisfy the following property: 8p � q 8u 2
V 8fu; vg 2 E and for all s1; s2 2 f0; 1gp, Ex1 [Profitu(s1�x1)] and Ex1;x2[Costu;v(s1�x1; s2�x2)]
can be computed in time t by one processor, where x1 and x2 are chosen uniformly at random

and independently from f0; 1gq�p, and where � denotes the concatenation of strings.

Now, given a labeling ` : V ! f0; 1gq, de�ne its \bene�t" to be

Benefit(`)
:
=
X
v2V

Profitv(`(v))�
X

u;v2E

Costu;v(`(u); `(v)):

10



The problem is to e�ciently �nd an ^̀ such that Benefit(^̀) � avgbene�t
:
= E[Benefit(`)]; this

expectation is taken assuming that the labels f`(v) : v 2 V g are assigned uniformly at random

and independently, from f0; 1gq. Note that we can assume that the labels `(v) are uniform and

pairwise independent over f0; 1gq, to compute avgbene�t.

The strategy used in [20] is to set one bit of each of the labels ^̀(v) per stage without using

too many processors. This results in an NC algorithm using O(n +m) processors and running

in O(q(t+ log2 n)) time.

Our goal could be to develop an O(t + log n + q) time algorithm to �nd ^̀ with Benefit(^̀) �
E[Benefit(`)] � n��(1) for those instances of the the problem where the estimator functions

Profit and Cost are bounded in value by a polynomial in n. We need this extra \polynomiality"

requirement on Profit and Cost since we will work with sample spaces that are �-biased and we

can handle only the case where � � 1=poly(n) in NC (and in polynomial time). Such polynomial

bounds on Profit and Cost indeed hold for all the applications considered before and here. For

some of the applications, a time bound of O(t + q + log n) would require the use of too many

processors; thus, the time bound that we aim for is (
�1(t+ log n)), where 
 will be a positive

parameter that is at most one. The processor complexity will of course be a decreasing function
of 
, and by taking 
 = �1 for a su�ciently small but �xed positive �1, we can also achieve an
O(t+ log n) time bound where needed, while keeping the processor count reasonably small.
A direct approach following the earlier algorithms would be to start with a randomly chosen

string

y1;1y1;2 � � � y1;qy2;1 � � � y2;q � � � yn;1yn;2 � � � yn;q
from a 2q-wise 2��(q) �n��(1)-biased sample space for nq-length bit strings; we may then set `(i)

:
=

yi;1yi;2 � � � yi;q. However, the methods of the previous section require us to compute probabilities
by �rst converting them to the appropriate bias terms; the large number of Fourier coe�cients
would then increase the processor complexity by a 22q factor.

Instead, we adopt the following strategy, motivated by a technique of [4] (see also [5]). The
idea is to set 
q bits of each of the labels ^̀(v) all at once in each stage, and repeat 
�1 times.
As said before, 
 denotes a positive parameter that is at most one, whose value we choose based
on the application. We assume that 
q is an integer, for convenience (otherwise take its 
oor).
Let yi;j and `(i) be as in the previous paragraph. For simplicity of our expressions, we let �

and � denote 
q and 
�1 respectively. Let M denote the maximum value of Profit or Cost; by
assumption, M is polynomially bounded in n. Fix � = 
2�2�n�2�cM�1 for any desired constant
c > 0, and �x a 2�-wise �-biased sample space S1 for n�{length bit strings.
We will show how to set, in stages s = 1; 2; : : : ; �, the vector

rs = (y1;(s�1)�+1; : : : ; yn;(s�1)�+1; y1;(s�1)�+2; : : : ; yn;(s�1)�+2; : : : ; y1;s�; : : : ; yn;s�);

our �nal labeling ` will be given by `(i)
:
= yi;1yi;2 � � � yi;q. We now show how to deterministically

set the vectors r1 := w1; r2 := w2; : : : ; r� := w� in that order in NC, suitably. For s = 1; 2; : : : ; �,
let Rs

:
= (rs; : : : ; r�), let Us and US denote the uniform distributions on f0; 1gn�(�+1�s) and S1

respectively, and let BUs
:
= US � Us+1. We will pick w1; w2; : : : ; such that for s = 0; 1; : : : ; �,

E[Benefit(`)jr1 = w1; : : : ; rs = ws; and Rs+1 � Us+1] � avgbene�t� s
n�c: (2)

11



(Recall that if D is a probability distribution, then X � D means that the random variable X

is picked according to D.) Thus, establishing this for s = � will su�ce to show that the �nal

vector ~w is good.

Inequality (2) is established by induction on s, as in [4]; the basis s = 0 holds trivially. Assume

that (2) is true for s; we now show how to pick ws+1 2 S1 such that it holds for s+ 1. Suppose

we pick Rs+1 according to BUs+1. Focus on some term E[Profitv(`(v))] in the bene�t function.

Note that we now assume that ws+1 is picked from the �-biased space S1, and that ws0, for all

s0 > s, is unbiased and independent. Thus, it not hard to see, using the bias properties of S1

and by the boundedness of the Profit functions by M , that

E[Profitv(`(v))jr1 = w1; : : : ; rs = ws; and Rs+1 � BUs+1]

is at least

E[Profitv(`(v))jr1 = w1; : : : ; rs = ws; and Rs+1 � Us+1]� 2��M:

Similarly, for any fu; vg 2 E,

E[Costu;v(`(v); `(w))jr1 = w1; : : : ; rs = ws; and Rs+1 � BUs+1]

is at most

E[Costu;v(`(v); `(w))jr1 = w1; : : : ; rs = ws; and Rs+1 � Us+1] + 22��M:

Hence, the maximum possible additive \error" is at most (2��n + 22��m)M � 
n�c, by the

de�nition of �. More precisely,

E[Benefit(`)jr1 = w1; : : : ; rs = ws; and Rs+1 � BUs+1]

is at least
E[Benefit(`)jr1 = w1; : : : ; rs = ws; and Rs+1 � Us+1]� 
n�c:

Thus, by the induction hypothesis, we see that E[Benefit(`)jr1 = w1; : : : ; rs = ws; and Rs+1 �
BUs+1] is at least avgbene�t� (s+ 1)
n�c. Hence, there exists w 2 S1 such that

E[Benefit(`)jr1 = w1; : : : ; rs = ws; rs+1 = w; and Rs+2 � Us+2] � avgbene�t� (s+ 1)
n�c:

Finding w reduces to computing

E[Benefit(`)jr1 = w1; : : : ; rs = ws; rs+1 = w0; and Rs+2 � Us+2] (3)

for each w0 2 S and picking the w with the largest conditional expectation. By our assumption
about the functions Profit and Cost, such a conditional expectation can be computed in time
t using O(n +m) processors.

As before, though we need to sample the points w0 from S1, we start with much smaller sample

spaces: S1 is constructed by starting from an (n2
q)��2-biased sample space S0 and taking O(1)

samples, as in x 3.1. In each stage we have to �nd a point in w 2 S1 which maximizes a
sum of (n + m)22
q bias terms (this sum is got by expanding each of the n + m terms using

the Fourier bases as explained before). To �nd such a w, we use the method of conditional
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probabilities by sampling O(1) times from the space S0. Thus each stage can be implemented

using (n + m)2O(
q)jS0j processors and the running time is O(t + log n + 
q) for each stage.

Plugging in the size of S0 from the standard construction of [3] and using the fact that there are


�1 stages, we get

Theorem 6 For any parameter 
 2 (0; 1) and any �xed � > 0, there is an ((n+m)2�
qn�; 
�1(t+

log n) + q) algorithm to �nd a labeling ^̀ with Benefit(^̀) � E[Benefit(`)] � n��(1) in the

PROFIT/COST problem, for the case where the functions Profit and Cost are bounded in

value by a polynomial of n. In particular (by taking 
 as an arbitrarily small positive constant),

for any �xed � > 0, there exists an ((n+m)2�qn�; t+ log n+ q) algorithm to �nd such a labeling,

if Profit and Cost are bounded by nO(1).

As instantiations of this general framework we can derive the following as corollaries, via Theo-

rem 6 and some results from [20] and [25]. Recall that any graph with maximum degree � can

be colored using � + 1 colors. The �rst linear-processor NC algorithm for (� + 1)-coloring was

presented in [20], with a running time of O(log3 n log log n). It is shown in [20] that: (a) the

General Pro�t/Cost problem can be solved using O(n+m) processors in O(q(t+logn log log n)+
log2 n log log n) time, and that: (b) (� + 1)-coloring can be solved by a (P (n;m); log n(log n +
T (n;m))) algorithm, if there is a (P (n;m); T (n;m)) NC algorithm for the Pro�t/Cost problem
with q = t = log n. These two points yield the bounds for Luby's algorithm. (For this problem,
Profit and Cost actually lie in [0; 1].) Using these two points in conjunction with Theorem 6

by making 
 an arbitrarily small constant, we get

Corollary 1 (�+1)-vertex coloring is solvable by an ((n+m)n�; log2 n) algorithm, for any �xed

� > 0.

Recall that a connected graph is vertex-colorable with � colors i� it is neither an odd cycle nor

a complete graph. The proof of Theorem 4 of [25] shows that if there is a P (n;m){processor NC
algorithm for (� + 1)-coloring that runs in O(T (n;m)) time, then we can �nd a �-coloring in
NC using P (n;m) processors in O((log n + T (n;m)) log2 n= log �) time; see x5.1 in [25]. Thus,
by Corollary 1, we get

Corollary 2 For any �xed � > 0, there exists an ((n + m)n�; log4 n= log �) algorithm for �-

vertex coloring, for graphs that are �-vertex colorable.

4.2 The maximum acyclic subgraph problem

Consider the Maximum Acyclic Subgraph problem: given a directed graph G = (V;A), we wish
to �nd a subset Â of A such that the subgraph G0 = (V; Â) is acyclic. The problem of �nding

a maximum-sized such Â is known to be NP{hard. Berger [7] derives an NC algorithm which

�nds a subset Â of size at least

target
:
=
jAj
2

+ c0(
nX
i=1

q
deg(i) +

nX
i=1

jdout(i)� din(i)j);

where n = jV j, dout(v) and din(v) denote the out- and in-degrees of v in G, deg(v) = dout(v) +
din(v), and c0 > 0 is an absolute constant. This description in x4.4 of [7], is an expanded version
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of the work of [9]. It is �rst shown in [7] that we may assume without loss of generality that

G has no pair of anti-parallel arcs, i.e., no pair of the form f(u; v); (v; u)g. The essential idea

in their algorithm is as follows. Each vertex v �rst chooses a random label rv 2 f1; 2; : : : ; �g
in parallel, where � is the smallest power of two that is at least as high as n. Each vertex

v is then processed in parallel as follows. Let N 0
out(v) = f(v;w) 2 A : rw > rvg, and let

N 0
in(v) = f(w; v) 2 A : rw > rvg. If jN 0

out(v)j � jN 0
in(v)j, then the contribution of v to Â is

N 0
out(v); else the contribution is N 0

in(v). The resulting set of arcs Â clearly de�nes an acyclic

graph; using the fourth moment method, it is shown in [7] that if the labels are assigned even

5{wise independently, then E[jÂj] is at least as high as the above-de�ned target. Thus, the goal

is to e�ciently derandomize the above algorithm in NC, by computing appropriate values for the

labels rv.

We now present only the results of [7] that are directly relevant to us; more details can be

obtained from x4.4 of [7]. Given an event B, let I(B) denote the indicator variable for B, i.e.,

I(B) equals 1 if B holds, and is 0 if B does not hold. For any v 2 V , let N(v) = fw 2 V :

(v;w) 2 A or (w; v) 2 Ag, and let � = maxv2V jN(v)j. Also let V = f1; 2; : : : ; ng. The following
theorem follows from x4.4 of [7]:

Theorem 7 ([7]) (a) For any (random or deterministic) choice of the labels rv in the above

algorithm, the set of arcs Â that is output, satis�es jÂj � f(r1; r2; : : : ; rn), where

f(r1; : : : ; rn)
:
= jAj=2� (

X
(u;v)2A

I(ru = rv))=2 +
X

v2V ;S�N(v);jSj�4

cv;S � I(rv < minfrw : w 2 Sg);

the coe�cients fcv;Sg can be computed by an (n�4; log n) algorithm.

(b) If the rv's are picked uniformly at random and (5-wise) independently from f1; 2; : : : ; �g,
then E[f(r1; : : : ; rn)] � target.

Thus, the goal is to compute a suitable set of labels frv : v 2 V g in NC, so that f(r1; : : : ; rn) �
target holds. Let q = log � = dlog ne, and let us denote each rv by a bit-string yv;1yv;2 � � � yv;q,
with each yv;j 2 f0; 1g. To derandomize the above algorithm, the work of [7] makes a suitable
choice for the vector zi = (y1;iy2;i � � � yn;i) in stages i = 1; 2; : : : ; q, via the method of condi-
tional probabilities; it is also shown in [7] that any term such as E[I(ru = rv)jz1; z2; : : : ; zi�1]
or E[I(rv < minfrw : w 2 Sg)jz1; z2; : : : ; zi�1] can be computed in constant time using one

processor. (Note that the problem on hand is an instance of the general framework considered

in x3.3.) This results in an (n�4; log3 n) algorithm for this problem [7]. We could replace their
invocation of the general framework by ours and this would result in an algorithm of complexity

(n1+��4; log2 n) for any �xed � > 0. However, we now use a strategy similar to the one for the
general pro�t/cost problem, leading to an NC1 algorithm.

As in our approach for the general pro�t/cost problem, we proceed in � = 
�1 stages, where


 here is a suitably small but �xed positive value. In each stage, we set 
q bits of the labels of
each of the vertices all at once. In stage s, we will suitably set the vector

gs = (y1;(s�1)
q+1; : : : ; yn;(s�1)
q+1; y1;(s�1)
q+2; : : : ; yn;(s�1)
q+2; : : : ; y1;s
q; : : : ; yn;s
q):
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We now sketch how to deterministically set the vectors g1 := w1; g2 := w2; : : : ; g� := w� in that

order in NC, suitably. For s = 1; 2; : : : ; �, let Gs
:
= (gs; : : : ; g�), and let Us denote the uniform

distribution on f0; 1gn
q(�+1�s). We will pick w0; w1; : : : such that for s = 0; 1; : : : ; �,

E[f(r1; : : : ; rn)jg1 = w1; : : : ; gs = ws; and Gs+1 � Us+1] � target� s
n�c;

for some suitably large constant c > 0. Since the algorithm is very similar to our algorithm for

the general Pro�t/Cost problem we merely sketch the details.

In each stage we need to sample from a sample space which is (5
q){wise n�O(1) biased sample

space and we wish to maximize the sum of O(n�4) functions each depending on at most 5
q

bits. First we will reduce this to maximizing O(n�4 � 25
q) bias terms. In each stage we start

with a sample space which is (5
q){wise n��1 biased and take the XOR of O(1) samples. Each

stage uses n�4nO(
+�1) processors and runs in time O(log n + log� + q) = O(log n). There are

a constant number � of such stages, and thus we get

Theorem 8 Given a directed graph G = (V;A) and any �xed � > 0, there is an (n1+��4; log n)

algorithm to �nd an acyclic subgraph of G with at least jAj=2+ c0(
Pn

i=1

q
deg(i)+

Pn
i=1 jdout(i)�

din(i)j) arcs.

5 A potential approach to some open problems

Consider the following abstract problem. Let X1; : : : ;Xn be independent random bits and de�ne
an abstract estimator to be a function of the form

X =
logc nX
i=1

ai
X

A�[n];jAj=i

bias(�j2AXj);

where the ai are constants bounded in magnitude by 2polylog(n). We wish to �nd a sample point
with X � E[X]. An obvious instance of this framework is the set discrepancy problem where we

wish to �nd an assignment � with disc(�) = O(
p
s log n) using the O(log n)-th moment method,

i.e., using variables which are O(log n) wise independent [8, 21]. For this application, we have a
sum of n functions of this type, with c = 1. All the currently known methods fail to solve this
problem in NC since they need one processor per term and there are n�(logc n) terms. In most
cases, however, it su�ces to �nd a sample point with X � E[X] + n��(1). Therefore we can do

with a logc n-wise n��(polylog(n))-biased space. However, it can be shown that the size of such a

sample space must be superpolynomial [3].
We therefore suggest the following approach. Suppose there exists a logc n-wise �-biased space

S0 such that

(a) � = constant, jS0j = nO(1), and

(b) For any ` � logc n and any S1; S2 � [n] with jS1j = jS2j = `, bias(�i2S1Xi) = bias(�i2S2Xi)

(� �), for a random ~X 2 S0.
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If such a sample space exists and is e�ciently constructible, then we claim that this problem is in

NC. As before we take logO(1) n samples Y1; Y2; : : : from S0 using our method. Suppose we have

picked Y1; : : : ; Yi with �i
j=1Yj = b. Then, the conditional bene�t is easily computed since, for

each ` � logc n, we just need to know the number of sets S � [n] with jSj = ` and �j2Sbj = 1,

which can be combinatorially evaluated.

Theorem 9 The abstract estimator problem is in NC if there is an e�ciently constructible S0

satisfying (a) and (b). The special case c = 1 solves set discrepancy in NC.

However, we do not even know if such a sample space S0 exists! A logc n-wise independent space

satis�es condition (b), but is too big. Property (b) seems too stringent: we leave as open the

question whether exact equality is necessary in condition (b).

6 Approximating general distributions

We have so far studied small-bias sample spaces, i.e., small spaces that approximate the dis-

tribution of independent and uniform binary random variables. As said before, such e�ciently
constructible spaces have become a key tool in derandomization. With this motivation, the
work of [11] considers the general problem of approximating the distribution of independent
multivalued random variables:

De�nition 5 Let X1; : : : ;Xn 2 f0; : : : ;m� 1g be independent random variables with arbitrary
individual distributions and joint distribution D. A sample space S is a (k; �)-approximation of

D if, for ~Y = (Y1; : : : ; Yn) sampled uniformly from S, and any set I of at most k indices we have,

for all a1; : : : ; ajIj in [0;m� 1], jPr~Y 2S(
V
i2I(Yi = ai))�Q

i2I PrD(Xi = ai)j � �.

(The case m = 2 with D being the uniform distribution is handled by small-bias spaces [22,
3, 2].) We are interested in such approximating sample spaces that are \small" and e�ciently
constructible. Indeed, as pointed out in [11], a simple probabilistic argument shows that there
exists a (k; �)-approximation of cardinality as small as O(n log(n=�)=�2) for any D and any k � n.
The crucial point is that as usual, we require that such a space also be e�ciently constructible,

for the purpose of derandomization. We now improve on the cardinality of the previous-best
constructions of (k; �)-approximations.

6.1 A geometric discrepancy problem

The e�cient construction of (k; �)-approximations can be reduced to the following discrepancy

problem, as shown in [11]. An axis-parallel rectangle R � [0; 1)n is a cross-product of the form
[u1; v1) � [u2; v2) � � � � � [un; vn), where 0 � ui < vi � 1; the volume vol(R) of R is de�ned

naturally to be
Q

i(vi � ui). Also, R is said to be nontrivial in dimension i i� either ui > 0 or

vi < 1 holds. For any positive integer k � n, let Rk
n denote the set of axis-parallel rectangles

R � [0; 1)n that are nontrivial in at most k dimensions.

The following discrepancy problem for rectangles is natural. Given a �nite set S � [0; 1)n, let ~Y

be chosen uniformly at random from S. For any axis-parallel rectangle R, de�ne the discrepancy
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of R w.r.t. S, �S(R), to be j Pr(~Y 2 R) � vol(R) j. Note that vol(R) is the probability that a
point chosen randomly from [0; 1)n falls in R. Thus, �S(R) is the discrepancy between the two

measures of sampling uniformly from [0; 1)n and sampling uniformly from S, w.r.t. R. We de�ne

�S(Rk
n) = maxR2Rk

n
�S(R):

The study of such discrepancy problems from a di�erent viewpoint, has also been conducted

in discrepancy theory (see, e.g., Beck & Chen [6]). Such problems are also relevant to certain

numerical integration problems. To compute the integral of a function over a certain body, one

common method in numerical integration is to approximate this integral by the arithmetic mean

of this function evaluated at a �nite set of points chosen judiciously within this body, times the

volume of the body. Small-discrepancy sets are obvious candidates to be such a good set of

points, and, indeed, there are bounds on the error in the above process, that show that a small

discrepancy implies a small error.

The following lemma of [11] shows how the above geometric discrepancy problem is relevant

for (k; �)-approximations:

Lemma 2 ([11]) Suppose, for integers k; n and for some parameter � > 0, a �nite set S � [0; 1)n

satis�es �S(Rk
n) � �. For any positive integer m, let X1; : : : ;Xn 2 f0; : : : ;m�1g be independent

random variables with arbitrary individual distributions and joint distribution D. Then, there

exists a (k; �)-approximation S0 for D, such that: (a) jS0j = jSj, and (b) given a uniformly

random sample from S, a uniformly random sample from S0 can be generated deterministically

in time polynomial in n and m.

Given Lemma 2, we shall focus on the problem of e�ciently constructing a �nite set S � [0; 1)n

such that

for any R 2 Rk
n, �S(R) � � holds. (4)

Of course, we also require S to be e�ciently constructible, and jSj to be \small". The major
goal here is to construct S such that

jSj = poly(k; log n; 1=�); (5)

even a construction with cardinality poly(n; 1=�) will be very interesting. However, these seem to
be di�cult problems for now. The work of [11] describes e�cient constructions of three sample
spaces S1; S2; S3 � [0; 1)n to satisfy (4) with

jS1j = poly(log n; 2k; 1=�); jS2j = (n=�)O(log(1=�)); and jS3j = (n=�)O(logn): (6)

(The sample spaces S2 and S3 actually guarantee (4) for all k � n.) In contrast, our main result,

given by Theorem 10, is an explicit construction of a sample space of size

poly(log n; 1=�; (dk= log(1=�)e)log(1=�))

that guarantees (4); this is an improvement over the previous constructions.
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6.2 Useful preliminaries

We start with the simple

Proposition 1 Suppose: (a) a1 � x1 � a1 + b1 and a2 � x2 � a2 + b2, or (b) a1 � b1 � x1 � a1
and a2 � b2 � x2 � a2 holds, for b1; b2 � 0. Then, jx1 � x2j � ja1 � a2j+ jb1 � b2j+ b2.

Proof. It is evident that whether case (a) or case (b) holds, we have jx1 � x2j � ja1 � a2j +
maxfb1; b2g. We now use the fact that maxfb1; b2g � jb1 � b2j+ b2 to complete the proof. 2

We next present a useful lemma, whose proof closely follows that of Theorem 2 of [11] (see

also Theorem 2.6 in [27]):

Lemma 3 Let X1;X2; : : : ;Xt be independent binary random variables with Pr(Xi = 1) = pi;

let Z1; Z2; : : : ; Zt be arbitrary binary random variables. Then, for any positive integer k � t,

j Pr(Vi2[t](Zi = 0))� Pr(
V
i2[t](Xi = 0)) j is at most

2�k + e � e�k=(2e) +
kX

`=1

X
A�[t]:jAj=`

j Pr(
^
i2A

(Zi = 1)) � Pr(
^
i2A

(Xi = 1)) j :

Proof. For any positive integer ` � t, let

B` =
X

A�[t]:jAj=`

Pr(
^
i2A

(Zi = 1)); and C` =
X

A�[t]:jAj=`

Pr(
^
i2A

(Xi = 1)):

Case I:
P

i2[t] pi � k=(2e). One consequence of the proof of Theorem 2 of [11] is that in this
case,

Ck � 2�k: (7)

Let a1 = 1 � B1 +B2 � � � � + (�1)k�1Bk�1, b1 = Bk, a2 = 1 � C1 + C2 � � � � + (�1)k�1Ck�1,
and b2 = Ck. By standard inclusion-exclusion, we know that

a1 � Pr(
^
i2[t]

(Zi = 0)) � a1 + b1 and a2 � Pr(
^
i2[t]

(Zi = 0)) � a2 + b2; if k is even;

a1 � b1 � Pr(
^
i2[t]

(Zi = 0)) � a1 and a2 � b2 � Pr(
^
i2[t]

(Zi = 0)) � a2; if k is odd.

Thus, we can use (7) to see, via Proposition 1, that

j Pr(
^
i2[t]

(Zi = 0))� Pr(
^
i2[t]

(Xi = 0)) j� ja1 � a2j+ jb1 � b2j+ 2�k:

Finally, we use the fact that ja1 � a2j � Pk�1
`=1 jB` � C`j to conclude the proof for Case I.

Case II:
P

i2[t] pi > k=(2e). Here, let t0 < t be the �rst index such that k=(2e)� 1 <
P

i2[t0] pi �
k=(2e). In this case, since

P
i2[t0] pi � k=(2e), it follows as in Case I that

j Pr( ^
i2[t0]

(Zi = 0))�Pr( ^
i2[t0]

(Xi = 0)) j� 2�k+
kX

`=1

X
A�[t0]:jAj=`

j Pr(^
i2A

(Zi = 1))�Pr(^
i2A

(Xi = 1)) j :

(8)

18



It also follows from the proof of Theorem 2 of [11] that since
P

i2[t0] pi > k=(2e)� 1, we have

Pr(
^
i2[t0]

(Xi = 0)) <

 
1 � (k=2e)� 1

t0

!t0

� e � e�k=(2e):

This fact, combined with (8), and the observation that

0 � Pr(
^
i2[t]

(Zi = 0)) � Pr(
^
i2[t0]

(Zi = 0)); 0 � Pr(
^
i2[t]

(Xi = 0)) � Pr(
^
i2[t0]

(Xi = 0));

shows that j Pr(Vi2[t](Zi = 0))� Pr(
V
i2[t](Xi = 0)) j is at most

2�k + e � e�k=(2e) +
kX

`=1

X
A�[t0]:jAj=`

j Pr(
^
i2A

(Zi = 1))� Pr(
^
i2A

(Xi = 1)) j :

Since t0 < t, this concludes the proof for Case II also. 2

We also require the simple

Proposition 2 For x > 0 and positive integers r; t, r � t, we have
Pr

i=0

�
t

i

�
xi � (tex=r)r.

Proof. For any i, 0 � i � r, we have
�
t

i

�
xi � (t=r)r(r=t)i

�
t

i

�
xi. Thus,

Pr
i=0

�
t

i

�
xi �Pt

i=0(t=r)
r
�
t

i

�
(xr=t)i = (t=r)r(1 + xr=t)t � (tex=r)r. 2

6.3 The construction

We present a construction whose size either matches or is smaller than those of [11]. We start
with a useful lemma which, in conjunction with Lemma 3, will help validate our construction.

Lemma 4 Suppose that a �nite set S � [0; 1)n satis�es �S(Rk0

n ) � �0, for some k0 and �0.

Let ~Y = (Y1; Y2; : : : ; Yn) be sampled uniformly at random from S. Then, for any J � [n] with
jJ j = s � k0 and any set fui; vi : i 2 J; 0 � ui < vi � 1g,

j Pr(
^
i2J

(Yi 62 [ui; vi))�
Y
i2J

(1 � (vi � ui)) j� 2s�0:

Proof. We assume without loss of generality that J = [s]. For each i 2 J , let Ii;0 = [0; ui),
and Ii;1 = [vi; 1). Since the event \Yi 62 [ui; vi)" is the disjoint union of the events \Yi 2 Ii;0" and

\Yi 2 Ii;1", we can verify that

Pr(
^
i2J

(Yi 62 [ui; vi))) =
X

�2f0;1gs

Pr(
^
i2J

(Yi 2 Ii;�i)): (9)

Let `i;0 = ui and `i;1 = 1� vi. It is clear thatY
i2J

(1� (vi � ui)) =
X

�2f0;1gs

Y
i2J

`i;�i : (10)
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Now, for any � 2 f0; 1gs, we have j Pr(Vi2J(Yi 2 Ii;�i)) �
Q

i2J `i;�i j� �0, since �S(Rk0

n ) � �0.

This fact, combined with equations (9) and (10) and the triangle inequality, concludes the proof.

2

We now present our main result:

Theorem 10 There is an explicit S � [0; 1)n of size poly(log n; 1=�; (dk= log(1=�)e)log(1=�)), that
satis�es (4). Thus, the joint distribution of any n independent discrete random variables, has an

explicit (k; �)-approximating sample space of cardinality poly(log n; 1=�; (dk= log(1=�)e)log(1=�)).

Proof. De�ne

k0 = minfp 2 Z+ : 2�p + e � e�p=(2e) � �=2g; and �0 =
�

2
(
k0

ke2
)k

0

: (11)

Note that k0 = O(log(1=�)), and that 1=�0 = poly(1=�; (dk= log(1=�)e)log(1=�)). Thus, the sample

space S1 (see (6)) shows an explicit �nite set T � [0; 1)n such that

�T (Rk0

n ) � �0; and jT j = poly(log n; 1=�; (dk= log(1=�)e)log(1=�)): (12)

We now claim that �T (Rk
n) � �, which will conclude the proof. To show this, let R =

[u1; v1) � [u2; v2) � � � � � [un; vn) be an arbitrary element of Rk
n. Without loss of generality,

suppose R is nontrivial in dimensions 1; 2; : : : ; k. Let ~Y = (Y1; Y2; : : : ; Yn) be sampled uniformly
at random from T . For each i 2 [k], let: (i) Zi 2 f0; 1g be a random variable that is 1 i�
Yi 62 [ui; vi), and (ii) Xi 2 f0; 1g be a random variable that is 1 i� a point drawn uniformly at

random from [0; 1)n does not lie in [ui; vi). Thus, our goal is to show that

j Pr(
^
i2[k]

(Zi = 0))� Pr(
^
i2[k]

(Xi = 0)) j� �: (13)

By Lemmas 3 and 4, we see that

j Pr( ^
i2[k]

(Zi = 0))� Pr(
^
i2[k]

(Xi = 0)) j � 2�k
0

+ e � e�k0=(2e) +
k0X
`=1

X
A�[k]:jAj=`

2`�0

= 2�k
0

+ e � e�k0=(2e) + �0
k0X
`=1

 
k

`

!
2`

� 2�k
0

+ e � e�k0=(2e) + (ke2=k0)k
0

�0 (Proposition 2);

which is at most � by (11). Thus, since (13) is established, the proof is complete. 2

Thus, our construction either matches or is better in size than all three of [11]. For instance

if k = logb n and � = n��(1) with b � 2, our construction has size nO(log logn), while those of [11]

have size nO(logn).

20



7 Discussion

We have devised a new probabilistic technique: the construction of a sample space whose Fourier

coe�cients are close to those of a independent random source on n random variables. Though the

size of the sample space so constructed is larger than those of previous constructions, its de�nition

is particularly amenable to the application of the method of conditional probabilities. Using this

we derived e�cient parallel algorithms for several combinatorial optimization problems. For a

large class of problems our method yields algorithms which are faster than previously known

algorithms or match the running time of the best known algorithms with a signi�cant reduction

in the processor complexity.

The above result is primarily concerned with approximating the distribution of a set of n

independent binary and unbiased random variables, using a small sample space. An obvious

generalization is to study such approximations for n independent multi-valued random variables

that have arbitrary marginal distributions. Such constructions again have pseudorandom gen-

erators and derandomization as their main motivations. For this problem, we have presented a

construction that improves on the previous-best results, due to [11].

Acknowledgments. We thank Juris Hartmanis, Ronitt Rubinfeld and David Shmoys for their
guidance and support, and Noga Alon, Bernard Chazelle and Moni Naor for valuable discussions.
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