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Bounded Size-change Termination

Siau-Cheng Khoo and Hugh Anderson

Department of Computer Science
School of Computing
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Abstract. The size-change principle devised by Lee, Jones and Ben-Amram,
provides an effective method of determining program termination for recursive
functions over well-founded types. In this paper, we extend size-change termina-
tion beyond the original well-founded condition to include arbitrary bounds that
are expressed by linear constraints. Our bounded termination condition deter-
mines if repeated calls to a function will monotonically move the call arguments
toward the boundary of the guard. We also present a technique which allows
the analysis of functions in which the return values are relevant to termination.
Our analysis exploits the decidability and expressive power of affine constraints.
These techniques significantly extend the set of programs that are size-change
terminating.

1 Introduction

There are many approaches to termination analysis. One method derives from the ob-
servation that, in the case of a program with well-founded data, “a program terminates
on all inputs if every infinite call sequence would cause an infinite descent in some pro-
gram values” [13]. In this framework, we have a finite number of functions, with the
underlying data types of at least some of the parameters expected to be well-founded,
and the only technique for repetition is recursion.

We begin with an informal outline of the size-change termination method. Firstly
consider the size of the function parameters. If the type of the parameter was a natural
number, then the size of this parameter could be its value, and we cannot reduce the size
of this natural number indefinitely, as eventually it will reach zero and may no longer
be reduced. Secondly, we consider all possible infinite call sequences. If in the infinite
call sequences, a parameter reduces infinitely often, then the data is not well-founded.
As a result of this, by contradiction we can assert termination.

In [13], Lee, Jones, and Ben-Amram present a practical technique for deriving
program termination properties from size-change information (hereafter called LIB-
analysis), by constructing a set of size-change graphs (or just graphs) for the program.
These graphs approximate the relation between the sizes of source parameters and des-
tination arguments for each call to a function. The graphs are then composed to reveal
all sequences of function calls that could be idempotent.

In [1], the authors extended LIB-analysis by a new encoding of the LIB size-change
graphs. This small extension increased the set of programs that are size-change termi-
nating by representing the graphs as a set of affine tuple relations, and by including



contextual information to constrain the tuple relations. This had two effects, the first
one being that the more refined encoding allowed arithmetic calculations on the size-
change information and could record the size of the change, which was useful for some
types of functions. The second effect was that the contextual information could guide
the composition of size-change graphs.

In this paper, the authors describe significant extensions and variations to LIB-
analysis which exploit the capability of affine constraints and produce a more precise set
of composite graphs. The resulting analysis can be applied to guarded functions which
terminate through exceeding bounds, and in addition handle functions in which return
values are relevant to termination. This is done by constructing and evaluating more
refined graphs, and handling call sequences that repeatedly change a bounded value.
These changes extend the affine-graph based size-change termination analysis conser-
vatively: any program that previously could be shown to be size-change terminating can
still be analysed.

As a vehicle for some aspects of the presentation we use McCarthy’s 91 function
[15], which has been extensively studied, with many proofs of both its behaviour and its
termination properties. It is commonly used as an example of a function that does not
respond easily to automatic proof methods because the returned value of the function
is relevant to its termination. The following annotated code shows the 91 function:

f91(n) = if n > 100 then
n— 10,
else
f91(f91(n+11)).;

The function has the property that for all n < 101, the returned value of the function is
91 (and hence the name). Analysis of this function using LJB-analysis is not possible,
as the graph for function call ¢ has no information relating the size of the parameter n
and the call argument. The enhanced termination-detection ability is made possible by
extending the affine graphs to include a result value to capture the return of function
calls at specific affine-graphs, and a sufficient condition for detecting that the change of
a call argument is bounded.

In Section 2 we begin with the language and notations used, and an introduction to
affine-based size-change graphs and termination analysis. In Section 3 we introduce a
new class of graphs, and demonstrate how a more refined sequence of allowable func-
tion calls may be constructed by guiding the graph composition process. In Section
4 we formalize an intuitive notion of size-change termination, that it should work for
function sequences that monotonically change a value that is bounded. In addition, the
affine graph construction and termination algorithm is described. In Section 5 we show
a worked example using both the techniques. Finally, in Section 6 we outline the rela-
tion of this work to others, and conclude with some observations about the direction of
our research.

2 Preliminaries

In order to concentrate on the mechanism behind our analysis, we choose to work on
the simple first-order functional language defined in Appendix A. Affine relations are



captured using Presburger formula, with explicitly identified source and destination
parameters, also defined in Appendix A.

Throughout this paper, we assume the affine relations to be defined over either in-
tegers or naturals. We interpret an affine relation as a set of pairs of numbers satisfying
the relation. For example, ¢ = {[m,n] — [p] : p = m + n + 1} can be interpreted as
a set of pairs of the form ([m, n], [p]). Some pairs in this set are: ([1,0],[2]), ([3,4], [8])
and so on.

This interpretation enables us to talk about subset inclusion between set solutions
of affine relations. It induces a partial ordering relationship among the affine relations,
and corresponds nicely to the implication relation between two affine relations, when
viewed as Presburger formul. As a result, ¢ implies the relation ¢’ = {[m,n] — [p] :
p > m+ n} because the set generated by ¢ is a subset of that generated by ¢', denoted

by ¢ C ¢'.

2.1 LJB size-change graphs

In LIB-analysis, the graphs approximate the relation between the sizes of source param-
eters and destination arguments for each call to a function. In particular, we record if it

is the same size (=), smaller ({), or the same or smaller (I) than some source param-
eter. Otherwise we record if it is unknown or not clearly defined (unknown). We refer
to this style of size-change graph as an LIB size-change graph. Consider the following
mutually recursive functions:

f(x,y)

if x> 0 then y else g(x,0,y —1);
g(m,n,o) =

if 0=0 then m+n+1 else f(m+1,0);

In the left-hand graph of Figure 1, we are specifying that in function f(x,y), calling
function g(m,n, o), the first argument is the same size as x (=), the second has no
relation to the parameters of f (unknown), and the third is always smaller than y (}).
We do not draw the unknown relation on the diagram.

Gﬁv G.r(f

X

T

m m X

Fig. 1. LJB size-change graphs

These graphs can then be composed to construct new graphs that represent the effect on
parameters of function calls.



2.2 Affine-based analysis

In [1], we encoded LJB size-change graphs by specifying a tuple relation between the
source parameters and destination arguments. For example, the corresponding affine
size-change graphs (or affine graphs for short) for the above calls are encoded with two
affine relations using the following representation:

G ={[x,y] = [myn,0] :m=xNo<yAD}
Gy = {[m,n,0] = [x,y] : y =0 A D}

In each of these relations, the source parameters and destination arguments are con-
strained by a relation expressed as a Presburger formula. The first expresses that the
destination m is the same as the source x and that destination o is less than the source
y. The second expresses that the destination y is the same as the source o. The relation
D represents other contextual constraints, described in detail in the paper. By default,
we omit the contextual constraints to clarify the presentation. From this we can see that
we are capturing basic information about size reduction and also, since the expressions
can include Presburger formule, the size of parameter changes, and perhaps other more
subtle relationships. There already exist well-documented ways for extracting affine re-
lations from a program for other purposes. For example, [12] describes a contextual
analysis to retrieve such information using sized types.

Affine relations can be composed, as in ¢; o ¢o, to identify, and internalize, the
second parameter set of ¢ with the first parameter set of ¢,. Formally, composition is
a monotone operation defined as follows:

$=¢1ods £ (x,2) €iff Iy: (x,)) €S2 A (,2) €
Two affine relations can be combined to form a “bigger” relation using the union op-
eration. This is definable when all the affine relations have the same set of parameters,
modulo variable renaming. Union is monotonic and is defined as:

d=d1Uds L (x,y) € $iff (x,7) € 61V (x,) € b2

The union operation computes the least upper bound of the set of affine relations, if we
consider all affine relations with the same set of parameters (modulo renaming) as a
lattice partially ordered by set inclusion.

Lastly, we can define the transitive closure operation over an affine relation. It is
defined for an affine relation ¢ as ¢* = (J,,,¢', where ¢' means composing ¢ with
itself i times. Note that for the closure operation to work properly, ¢ must be represented
as a relation over two sets of parameters, with both sets of equal size. The transitive
closure operation is monotone, but more importantly, transitive closure produces an
affine relation that is idempotent; ie., p1 o T = ¢t.

In summary, affine tuple relations provide a more refined representation of parame-
ter size-change relations. In this paper we switch between the graphical and affine tuple
relation notations freely, whenever it is appropriate.

3 Extended size-change graphs

In order to capture returned values of function calls, we extend size-change graphs to
the form shown in Figure 2. It is divided into two parts: the upper part, called the base,



is the original graph, while the lower part is the extension. Affine relations may also be
specified over the extension.

3.1 Value size-change graphs

The first extension adds in a global result value for function calls. This is for call se-
quences that use a call return value. To reflect the effect of a function result value on a
following call, we represent the return of function call by an affine graph, called a value
graph. The original size-change graphs are call graphs.

n n n_*l_ n’ n n’

Fig. 2. Extended value and call graphs for the 91 function

As an example, the value graph, G,, for the 91 function is shown in Figure 2, signifying
the return of value n—10 from a call. Accompanying G, are two call graphs available in
the 91 function: G, and G, signifying two recursive calls in the function definition. Note
that the graph G, states a transfer of value from the result source (r) to the parameter
destination (n). Their corresponding affine relations are expressed as follows:

a={nr,c] =, 7,7 =n-10}
b= {[nr,c] = [n,r, 0 =n+11}
c={[n,r,c] =, r,cd:n =r}
The effect of a nested function call using the return value of previous call can be de-

scribed by composing a value graph with a call graph, as in the case of the 91 function
call shown in Figure 3.

Fig. 3. Composition of nested call

Note the composed graph shows a decrease in the 91°s only argument, n. This reflects
the transfer of a value to a call ¢ from some last recursive call. The corresponding tuple



relation is expressed as follows:
{[narac] — [nlyrlzcl] 0 =n— 10}

It is worth noticing that we only capture some, and not all, of the returns to functions in
value graphs. Specifically, we only capture the return of the last call in a series of nested
calls involving the same label. Semantically, returns from a series of nested calls transfer
the result from callees back to the callers, and we elect to ignore this information in
order to maintain clarity in our exposition. This results in a simpler classification of call
sequences.

It is possible to simply drop a value graph into the pool of existing call graphs,
and apply LIB-analysis on this graph pool to attempt to compute the termination of the
91 function, but the attempt will be unsuccessful. We therefore refine the analysis to
take advantage of other information available from static analysis of the functions: call
sequences and relative numbers of calls.

3.2 CFGs and Counters

We wish to limit the possible ways of composing a value graph with a call graph, so as
to exclude the generation of graphs representing illegal call sequences. We provide an
informal account of our approach in order to simplify our presentation.

In the 91°s case, it is obvious that a function return will not be followed by a call
at label b. Such composition should therefore be ruled out. To facilitate this extraction
of legal call sequences from program text, we can begin by turning any recursive func-
tion into a flattened recursive procedure using global variables for the returned values
for the functions. A more refined analysis result can be obtained by using more than
one global variable for each possible returned value. The flattened 91 function, using a
global integer result is:

f91(n) = if n > 100 then
result := n — 10,
else {
f91(n+11),;
F91( result ),

’

The flattened syntax reveals the CFG representing a trace of the sequence of labelled
calls and returns to the function:

P = a|bPcP

where b and c represent the calls to the functions at location b and ¢, and a represents
the function return. As the representation is context-free, this CFG defines a set of
traces that is larger than the actual set of allowable traces, but is still fairly refined,
and certainly can guide the composition of the initial size-change graphs to result in
a smaller set of allowable traces. Any string recognized by the CFG forms a complete
call trace. To be able to detect non-termination, we need to also consider incomplete call
traces. Nevertheless, the CFG formation of call traces reveals two useful considerations
of graph composition.



Fact 1. It is impossible to compose a value graph (represented by a in the CFG above)
with the first call graph (represented by b) in any recursive branch of the CFG. Further-
more, every call graph excluding the first one in a recursive branch (such as ¢) must be
preceded by a value graph.

This fact indicates that during the composition of graphs we need not consider cer-

tain composed graphs such as G, “ (G, oG Gy), avoiding many illegal graph compo-
sitions. In the 91 function, we are only interested in the composition of G, and Gy, and
call these the initial graphs. The traces generated by this set of initial graphs through
graph composition can be represented byPy — bPs | acP2. By contrast, LIB graph
composition would consider the language generated by P3 — bP3 | ¢Ps.

It is useful to construct more accurate traces. If £1, L2 and L3 represent progres-
sively more abstract languages, and £1 C L2 C L3, then if we can prove a (termination)
property for L4 or L3, then the property will hold for £,. Analysis of a more refined
trace can be used to derive termination properties for a larger set of programs.

This new set of initial graphs can be mechanically derived from the CFG for a
function by constructing a new call graph (or new call graphs) for each terminal to the
right of an embedded non-terminal. For example, if we had two non-terminals Q and
P in the grammar Q = a | bQcP and P = d | ePfQ, then we would consider the
call graphs generated by Q = bQ | acP and P = eP | dfQ. These graphs encapsulate
information about the returned values of calls, and also still provide a more precise set
of graph compositions.

Fact 2. If a terminal x precedes another terminal y in a recursive choice branch of a
CFQG, then in any incomplete call trace forming the prefix of a string recognizable by
the CFG, x occurs at least as many times as y in the trace.

This fact indicates that we cannot leave call nestings more often than we enter.
We observe that an infinite call trace for the 91 function (represented by recursively
unfolding a non-terminal in its original CFG) must have infinite occurrences of the first
call. To support this observation, we add a set of new labels, called counters (denoted
by c; ...c,) in the extended part of each graph.

+1 -1

Fig. 4. Counters for Extended graphs of the 91 Function

The extended size-change graph in Figure 4 has a counter for the call » and ac. Every
call to b involves an increment in nesting level. On the other hand, every call to ac
involves a decrement in the nesting level. A composed graph is considered legal if it is
composed from other legal graphs and its counter remains positive. Such legal graphs
mimic a (set of) legal call trace(s).



Counters can be mechanically included in a set of the initial graphs. For each recur-
sive choice branch in the CFG for a function, we allocate a counter for each embedded
non-terminal. This counter is used to limit the relative number of calls made by the (ter-
minal) call graphs on either side of the non-terminal. Each occurrence of left-hand call
increases the counter by 1, and each occurrence of right-hand call decreases the counter
by 1. The generation of any new affine graph g is limited by presetting the counter ¢,
value to 0 before constructing the composition, and by placing a contextual constraint
¢, > 0 on the graph for the right-hand call. For example, if we had aPbQcR, we would
construct two new counters cp and cg. The affine call graph for graph a would incre-
ment cp. The call graph for graph b would include cp > 0 in the contextual constraint
for the graph, and decrement cp. Similarly for graphs b and c.

The machinery of counters is a little cumbersome, and perhaps not needed to deal
with matching procedure calls and returns. In [17], Reps et al consider the class of IFDS
(Interprocedural, finite, distributive, subset) problems, transforming these problems into
a graph reachability problem. The analysis of the resultant graphs is restricted to those
which are realizable, for example only considering returns that are matched by calls.
In [16], this is characterized as CFL-reachability. However we were unable to see how
CFL-reachability could be applied to the particular problem solved by the counters,
which quantify precisely the level of nesting achieved.

In summary, we extend affine size-change graphs with return values and counters.
These allow us to capture various useful behaviours of a function and function call
sequence, without affecting the decidability of the size-change algorithm. Not discussed
here are other additions which allow initial parameter values to be saved and returned
for later use.

4 From well-founded types to boundedness

With the introduction of affine constraints, it becomes feasible to lay the termination
decision upon the concept of boundedness rather than (strictly) inductively defined vari-
ables. In the original paper on size-change termination, the principal concern was with
well-founded data. If it was possible to establish that every infinite sequence of func-
tion/procedure calls would result in an infinite descent in some program values, then
termination was established.

However, this does not (for instance) handle the case where every infinite sequence
of function/procedure calls would result in an infinite increase in some values, which
are bounded above by some condition that inhibits the respective calls. We thus accept
that either monotonically increasing and bounded above or monotonically decreasing
and bounded below is sufficient to establish the termination property. This is realized
by changing the presentation of size-change termination to including a guard, derived
from the source program, in any idempotent function specification.

An example of this from the 91 function is in the argument which establishes that a
series of calls to function b always terminates. The affine size-change graph for function
bis {[n] = [#'] : ' = n+ 11}, and if we include the guard derived from the source
program (n < 100), then we can imagine a graph of the form »“ : n' > n, where
b“represents possibly infinitely many recursive calls to b. We evaluate this graph in two



steps: first that n is monotonically increasing in b, and second that n < 100 guards all
calls to b. As a result of these two statements we can say that »“ is terminating (i.e. w
is finite).

4.1 Bounded termination

We now give a formal treatment of a new property over our guarded graphs, the prop-
erty of bounded-termination. In previous work on size-change termination, an infinite
reduction of a well-founded type led to an impossibility argument for the graph; as no
such infinite reduction can occur, then we can conclude that the corresponding func-
tion call cannot occur infinitely often. The test for this is referred to here as reduction-
termination. A similar argument can be made over guarded graphs, and Theorem 1
asserts a sufficient condition to establish bounded-termination. We begin with some
preliminary definitions for the domain and range restrictions associated with graphs.

Definition 1. The domain restriction function <: PX x (X < Y) = (X < Y)! is defined
by

VD:PX; G: (X< Y)eDAG={(a,b): G|a€ D}
Definition 2. The range restriction function >: (X < Y) X PY — (X < Y) is defined by
VG:( X< Y); R:PYeGD>R={(a,b): G|beER}

A recursive function f(xg, - . .,x,) is monotonic if it has at least one argument x; such
that x! > x; or x} < x;. In addition, we define a new set, the restricted domain of a
function, which is defined over self recursive monotonic functions such as the ones we
are approximating with the graphs. This allows us to define bounded termination.

Definition 3. Given a self-recursive function f defined over a domain r, the restricted
domain dom(f™, r) of recursive function f is

{v € domain(f) | ({v} <f" > r) # @}

Definition 4. A recursive and monotonic functionf over a domain r is bounded-terminating
by rif, forallver

An>0:({v}<f'>r)=0

The idea here is that the restricted domain in some sense defines the allowable set of
input values for the function f", and if this set is empty, then the function f cannot be
applied to itself n times.

During the analysis, the function f may be approximated by a monotonic affine relation.
Consequently, we need to restrict the domain r such that bounded-termination of an
approximation of f inevitably implies boundedness of repeated calls to f during run-
time. A sufficient condition that ensures this is the definition of a half-space domain r
below:

"' PX is the powerset of X, X <+ Y the set of all affine relations between X and Y.



Definition 5. Given a recursive and monotonic affine relation g over a domain r, let 7
be the complement of r. The domain r is said to be a half-space domain if, for allv & r,

Vn>0:range({v} < g") CTF

We now can establish a testable condition, sufficient to assert that a function f (and its
approximation g) is bounded-terminating, and closely associated with function termina-
tion in that if a function is bounded-terminating, then it must be terminating. Bounded
termination subsumes the reduction-termination test used for size-change termination.
Any reduction-terminating graph is bounded-terminating, but a bounded-terminating
graph may not be reduction-terminating.

Theorem 1. Given a self recursive function f which is monotonic, and over a half-
space domain r, then if r C dom(r < f* > 7, T) then f is bounded-terminating by
r.

Proof. Suppose f is not bounded-terminating, then by the definition of bounded-termination
and the continuous property of r, there exists a value vy € r such that Vn : ({vi} <

f" > F7) = & (there is at least one value in r such that the range never gets outside the
domain/guard), and so

Ivier:(nt<affor=0 (Defn. of f+ ={J, 5, f")
However, we are also told that
rCdom(r<ft >7T)
= r C {v € domain(f) | ({v} < ({r} <f " >7) > T)# @} (Defn.of dom)
= r C {v € domain(f) | ({v} <f" > 7) # @} (Propertiesof T, <,>)
sVner:({nt<ffon4o

This contradicts the first supposition, and so we conclude (by contradiction) that f is
bounded-terminating by r. O

The intution here is that the term r < fT [> 7 specifies all the graphs that must have
arange outside the guard r of the function call f. If the guard is a subset of the restricted
domain, then all initial values for the function must lead out of the restricted domain,
leading to termination of the recursive call. This theorem provides a mechanism for
testing if a final size-change graph for guarded function calls leads to a terminating
program. The test is not computationally expensive, requiring only domain and range
restriction and set inclusion to an existing graph in the final step of termination analysis.

4.2 Termination analysis

Termination properties of a program may be derived from a closure computation over
the size-change graphs. A crucial administrative task in ensuring termination of this
analysis is the association of each affine graph with an abstract graph. We could view
this as a process of classifying our affine size-change graphs, the elements of the ab-
stract size-change graphs providing the different classifications, and the affine graphs
providing concrete instances of some of these classifications.

10



Definition 6. [1] An affine graph is called an abstract graph if each of its destination
parameters y; is related to the source parameters x; in an affine relation y; op x; where
Op E {:7 <7 >7 27 S}

It is easy to see that the set of abstract graphs is finite, and that the set of graphs used
by LIB-analysis is a subset of the abstract graphs.

Given a program, we generate a finite set of abstract graphs .4 as needed, and asso-
ciate with each abstract graph A, a guard r, derived from an analysis of the conditional
structure of the program. Let F be the corresponding affine graphs that can be created
from the program. We then associate each affine graph with an abstract graph in A, as
follows:

Vf € F,a € A,associate(f, a) Y= Afxi | f Cxiyxi € A}

We note that the associated abstract graph a thus obtained is minimum, in that any other
abstract graph that “contains” the affine graph will also contain a. Consequently, we call
it the minimum association.

The major step of the termination analysis is the algorithm 7, which builds a clo-
sure of an initial set of affine size-change graphs, constructing compositions of existing
affine size-change graphs until no new affine graphs are created:

Classify initial graphs into C’;

C := @;
while C' #C do {
C :=(C;
F' := generate((C);

foreach g€ F' {

(x,A;) := classify(g,C');

if idempotent (g,A;) then
g =g%;

g = w(hull(xUg));

if nullgraph(x) then
C' = C'U(g,Ap)

else

C' o= (C'\(x,Ag)) U (8,A¢);

}

After the algorithm 7T terminates, then a second step is to examine the resultant set of
graphs, and establish if each idempotent recursive call graph is bounded-terminating.
The function classify returns a pair (x,Ay), with x a null graph if this classification
has not been made before, or with the previous value for the affine size-change graph
if this classification has been made before. The function generate returns a new set
of affine size-change graphs constructed by composing any legitimate pairs of existing
size-change graphs.

In the event that a graph g is idempotent, we keep the transitive closure g+ of the
graph, reflecting the idea that any idempotent graph may result in an infinite series
of calls through itself. The function w performs a widening operation to produce an
affine graph that is larger than the argument graph. This is a common technique used

11



in ensuring finite generation of abstract values [9]. The function idempotent checks
if a graph g and its self composition g o g are both minimally associated with the same
abstract graph A,.

The main idea of the algorithm can be described using the following metaphor.
Imagine each abstract graph as a container, which will contain those affine graphs under
its minimal association. The containers will have a label with the corresponding abstract
graph. Thus, some containers will be considered as idempotent containers when they
are labeled with an idempotent abstract graph.

At first, only the initial set of affine graphs will be kept in some of the containers.
At each iteration of the algorithm, a composition operation will be performed among all
legitimate pairs of affine graphs, including self-composition. The resulting set of affine
graphs will again be placed in the respective containers they are (minimally) associated
with.

Such an iteration process will eventually terminate, with no more new affine graphs
created. The algorithm terminates when C’ is no longer changing. C' can change in only
two ways, either by creating an association for a new abstract graph A,, or by replacing
an existing set element (x,A,) with a new (g,A,) and neither of these can be done an
infinite number of times. The proof of termination for the algorithm is similar to that
found in the technical report [2].

The second step of the termination analysis is to identify those non-empty idem-
potent containers, and then check to see if the affine graphs therein contain a varying
component that matches the guard r, for that abstract graph (4,). The test derived from
Theorem 1 is computationally inexpensive, and captures many indicators of termina-
tion including ones that rely on even/odd tests, and increasing or reducing arguments
towards a guard.

If all these idempotent graphs pass the test, then we conclude that the associated
program terminates. If one of these graphs does not pass the test, we shall conclude that
the associated program does not belong to the size-change terminating programs. The
affine-based analysis described here captures more information from a program, but is
still decideable.

In summary, the termination analysis is a two-step process. The first step uses algo-
rithm 7~ which performs graph composition repetitively until a fixed point is reached,
at which point the algorithm halts. The second step involves testing the resultant idem-
potent graphs for the bounded-termination property.

4.3 Bounded termination examples

p(x,y) = if x < 10 then
if y > 7 then

plx—1,y —1),
else
plx+3,3)p;

From a static analysis of this function, the affine graph a., is restricted in it’s domain to
x < 10 Ay > 7 and the affine graph b,y is restricted in it’s domaintox < 10 Ay < 7.
We use these restrictions to generate initial extended affine graphs which are used as the
initial graphs in the algorithm 7, which then goes about generating a final classification
of graphs:

12



Trace |Final affine graphs |
g1 =at {5, y] > ¥,y : ¥ +1<x<9IAT+x<y+x'}
g2=b"+ggs {2,y x+3<4 <12Ay <7}
gs=atht + gsgal{{,y] = [¥,y] :x<IAX <I2A10+x<y+x A<y}

The composition of any pairing of these graphs generates no new graphs, and so the
algorithm 7 finishes. Step two of the analysis involves testing the idempotent affine
graphs using r; = {(x,y) | x < 10 Ay > T7}and ro = {(x,y) | x < 10 A y < 7} and
confirms that the function terminates for all traces.

r1 C dom(r1 < g1 > 71, T)
r2 Cdom(rz < g2 > 72, T)
r1 Cdom(ri < gs>r,T)

This test is surprisingly general, capturing many indicators of termination including
ones that rely on even/odd tests as in:
f(x,y) = if even(x) then

FO+y50)ai
The call argument c is a constant that may be either even or odd, and we express the
guard as r1 = {[x,y] : (Ja : 2a = x)}. The boundedness test returns

r1 C dom(r1 < ge=odad > 71, T) = true
r1 € dom(r1 <0 ge—even > 71, T) = false

In summary, we use a guard derived from a static analysis of the program in the final step
of the size-change termination algorithm along with a testable sufficient condition to
establish if an arbitrary self-recursive guarded call is bounded-terminating. This handles
monotonically decreasing and bounded below, as well as monotonically increasing and
bounded above, and combinations of these.

S Termination for f91

We now give details of the steps of the analysis for the 91 function, which uses bounded-
termination, CFG and counter analysis. The CFG for the 91 functionis P — a | bPcP.
We approximate the CFG by one that combines a value affine graph with the appropriate
call graph c: Py = bP3 | acP,. We also include a counter ¢ to control the frequency of
occurence of ac’s with respect to b’s. From a static analysis of the program, the affine
graph ay, is restricted in it’s domain to n > 100 and the affine graph b¢an is restricted
in it’s domain to n < 100. We use these restrictions to generate the initial extended
affine graphs:

{[n,rye] = [n', ', =n—10A =c—=1An>100 A c > 0}
{[n,r,c] = W', 7, =n+11 A =c+1ARn<100 A c >0}

These graphs are used as the initial graphs in the algorithm 7", which then goes about
generating all the possible graphs. These lead to a final classification of graphs into
containers, with constraints as follows:
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|Trace|F inal affine graph constraints

g1 10c+n" =n+10 A0OL <c A9l +10c < n+10c

g2 Me+n" =n+11d A0<Lc<d An+11d <111 4+ 11¢

g3 (91<H <101An<I00A0<LAO<LcAn+11cd <1lc+n

The composition of any pairing of the graphs (g1, g2 and g3) generates no new affine or
abstract graphs, and so the algorithm terminates. We can move on to the second step of
the analysis of the resultant containers.

First, we identify monotonicity of those idempotent graphs. This can be easily de-
termined from their respective abstract graphs. Next, we test each one using r; =
{(n,r,c) |n>100 A ¢ >0} and r; = {(n,r,c) | n < 100 A ¢ > 0}:

ri Cdom(ri <g1>m,T)
rp Cdom(ry < ga>r2, T)
ro Cdom(r2 < g3 > r2, T)

We can now assert the final result: the 91 function terminates for all traces.

6 Related works and conclusion

Termination analysis of programs has a long history. One approach is by limiting the
language for a program, where it is possible to ensure termination by construction. For
example, a theory of inductive types [8] may be used for termination. If any function
defined over an inductive type @ is restricted in the form of the definition to one using the
elimination rule of 8, then the function is known to terminate. By contrast, the approach
followed here is to allow the construction of divergent recursive expressions, and then
attempt to determine the termination property from a static analysis.

In [20] Thiemann and Giesl apply the size-change principle in the context of term-
rewriting, combining it with existing ordering and dependency pairs approaches. The
resultant technique is more powerful than the existing approaches, but still PSPACE-
complete. Our approach extends the size-change principle in the context of affine con-
straints over numerical (integer) computations, and liberates the underlying analysis
from the traditional well-foundedness restriction.

In the logic programming arena, there is considerable research in the structure of termi-
nation proofs, summarized in [10, 3], with techniques to handle mutual recursion, loop
detection and so on. In a system for termination of Mercury logic-functional programs
[19], a measure of the difference in total size between the input parameters and output
arguments is constructed for each procedure. The measures are solved as a set of lin-
ear inequalities, and if they reduce then the program terminates. We can view this as a
coarse-grained size-change termination analysis argument. In [11], the Mercury termi-
nation analysis is refined using convex constraints for inter-argument relationships. In
[18], Serebrenik and De Schreye also address termination of numerical (integer) com-
putations and Lindenstrauss and Sagiv [14] use a query-mapping pairs approach. Each
of these approaches have some analogy to our previous work [1], but the framework for
the termination analysis requires the choice of a termination metric (level-mappings, for
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example, ordered linear sums of parameters). By contrast, our framework is indepen-
dent of such concerns, and derives termination properties for a large range of programs
without any selection of metrics or heuristics.

The binary-unfoldings approach in [6] uses program specialization to add structural
information to increase the precision of termination analysis. These techniques may
complement our analysis, and it will be interesting to see how they can be applied. In [7,
5] various techniques are applied to FOR-loop programs, but we believe that the more
intuitive approach of bounded termination will achieve similar results in a language
extended with FOR-loops.

This paper presented a significant extension and variation to the analysis of pro-
gram termination based on the size-change termination method. The approach has its
most natural expression in a functional programming style, but the approach is suffi-
ciently general to be applied to other areas. We have complemented the size-change
principle with new techniques which allow the analysis technique to be applied to func-
tions in which the return values are relevant to termination. In addition, we have for-
mally expressed the idea that termination can be derived for a changing argument that
is bounded. This idea was initially explored in the work on sized typing in [4]. The
use of guards associated with the abstract graphs enable us to extend this directly into
the termination argument, without the limitations implied by the previous technique of
constraints over program arguments. A new test for bounded-termination using this ap-
proach subsumes the previous test for (only) reducing parameters, is computationally
inexpensive, and captures termination properties for a wide range of guarded recursive
calls, including ones where the guard depends on even/odd properties, or combinations
of increasing and decreasing parameters.

The techniques presented in this paper can be enhanced in various ways. For in-
stance, the use of a global variable in capturing a returned value can be replaced by
multiple variables to capture values returned from different calls. Other information,
such as return arguments from nested calls, can be captured in size-change graphs, in
addition to return values. Moreover, the definition of abstract graphs in Section 4.2 can
be refined to admit abstract graphs of more complicated affine constraints. More inves-
tigation is needed to weigh the benefits gained from these enhancements against the
analysis complexity.
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A Syntax of language and Presburger formulae

The language used in this paper is a simple first-order functional language, defined in
Table 1.

x € Var ( Variables )
op € Prim (Primitive operators )
f,8 h € FName (Function names )
c € Const (Constants )
e € Exp (Expressions )
e = 1if ey then ¢; else e;
|x|c|eiopes|fler,..-,en)
d € Decl (Definitions )

d o= fxi...xx=e
Table 1. The language syntax
In the event that the conditional eg for the if-then—else cannot be reduced to an

affine constraint, then the associated guards for both branches will be [true].

Affine relations are captured using Presburger formule, with explicitly identified
source and destination parameters. The syntax is defined in Table 2.

Formulze:

PpEF (Formulz )
¢ == Y| {1, -, vm] = w1, ., W] 2 Y}
Y ou= G| 3vy [P Ve [ Ao

Size Formula:

d €Fb {Boolean expressions )
d == True|False| a1 = as | a1 # a2

|a1 <az|ar >az | a1 <as|a1 >as

a € Aexp ( Arithmetic expressions )
a x= n|v|nxal|lai+a|—a

nez (Integer constants )

Table 2. Syntax of Presburger formule
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