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Abstract. Overregularization seen in child language learning, for example, verb
tense constructs, involves abandoning correct behaviours for incorrect ones and later
reverting to correct behaviours. Quite a number of other child development phenom-
ena also follow this U-shaped form of learning, unlearning and relearning.

A decisive learner does not do this and, more generally, never abandons an hypothesis
H for an inequivalent one where it later conjectures an hypothesis equivalent to H,
where equivalence means semantical or behavioural equivalence. The first main result
of the present paper entails that decisiveness is a real restriction on Gold’s model of
iteratively (or in the limit) learning of grammars for languages from positive data.
This result also solves an open problem of Osherson, Stob and Weinstein [25].
Second-time decisive learners semantically conjecture each of their hypotheses for any
language at most twice. By contrast, such learners are shown not to restrict Gold’s
model of learning.

Non U-shaped learning liberalizes the requirement of decisiveness from being a re-
striction on all hypotheses output to the same restriction but only on hypotheses
for learnable languages. The situation regarding learning power for non U-shaped
learning is a little more complex than that for decisiveness. This is explained shortly
below.

Gold’s original model for learning grammars from positive data, called EX-learning,
requires, for success, syntactic convergence to a correct grammar. A slight variant,
called BC-learning, requires only semantic convergence to a sequence of correct gram-
mars that need not be syntactically identical to one another.

The second main result says that non U-shaped learning does not restrict EX-
learning. However, from an argument of Fulk, Jain and Osherson, non U-shaped
learning does restrict BC-learning.

In the final section is discussed the possible meaning, for cognitive science, of these
results and, in this regard, indicated are some avenues worthy of future investigation.
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1 Introduction

In developmental and cognitive psychology there are a number of child development phenomena
in which the child passes through a sequence of the form: child learns correct behaviour X, child
unlearns X and then child relearns X [30]. This performance is described as U-shaped. As an
example we give the important case of where X is the reqularization in language acquisition
[21]: In the learning of the proper forms for past tense (say, in English), children may learn
correct syntactic forms (for example, ‘called’” with ‘call’ and ‘caught’ with ‘catch’), then they
overregularize and begin to form past tenses by attaching regular verb endings such as ‘ed’
to the present tense forms (even in irregular cases like ‘catch’ where that is not correct) and
lastly they correctly handle the past tenses (both regular and irregular). We also see U-shaped
sequences for child development in such diverse domains as understanding of temperature [30,
31], understanding of weight conservation [4, 30], the interaction between understanding of object
tracking and object permanence [4,30], and face recognition [5]. Within some of these domains
we also see temporally separate U-shaped curves for the child’s qualitative and quantitative
assessments [30, 31].

One wonders if the seemingly inefficient U-shaped sequence of learning, unlearning and re-
learning is a mere accident of the natural evolutionary process that built us (for example, lan-
guage learning) humans or something that must be that way to achieve the learning at all. We
do not answer this very difficult empirical question. But, in the present paper, in the context of
Gold’s formal model of language learning (from positive data) [14], we show, as a consequence
of our first main theorem (Theorem 7 in Section 3 below), that there are cases where successful
learning requires the learner to output hypotheses behaviourally (or semantically) equivalent to
hypotheses abandoned in the learning process previously. More precisely, decisive learning [25] is
learning in which the learner cannot (inefficiently) conjecture an hypothesis Hy, then conjecture
a behaviourally (or semantically) inequivalent hypothesis Hy and then conjecture an hypothesis
Hj which is behaviourally equivalent to H; (see Definition 2 in Section 2 below). Hence, a de-
cisive learner never semantically returns to abandoned hypotheses and, therefore, in particular,
continues to output correct hypotheses from the time it has output its first correct hypothesis.
Again, a consequence of our first main result in the present paper (Theorem 7) is that there are
some classes of r.e. languages learnable from positive data which cannot be learned decisively.

A U-shaped learner from cognitive science and as described above is formally modeled as a
slight variant of a non-decisive learner, a variant in which, roughly, the learner semantically re-
turns to abandoned correct hypotheses (but may or may not semantically return to unsuccessful
hypotheses). More precisely, non U-shaped learning (see Definition 19 in Section 4 below) liber-
alizes the requirement of decisiveness from being a restriction on all hypotheses output to the
same restriction but on hypotheses for learnable languages only.

Of course, in the light of the cognitive science motivations described above, we are extremely
interested in the question as to whether non U-shaped learning is restrictive on learning power
(as decisive learning is). The answer is that it depends. To explain, we first proceed a little more
formally, state some more results and then return to and answer, in a more detailed way, this
question about non U-shaped learning.

A text for a language L is an infinite sequence of all and only the elements of L (together
with some possible #’s), that is, the elements of L might occur arbitrarily often and in any
order and the #’s represent pauses. Indeed, the pause symbol is necessary as the only text for



the empty language is an infinite sequence of such pauses. A text for L should be thought of
as a presentation of the positive data about L. Gold’s model of language learning from positive
data [14] is also called EX-learning from text. A machine M EX-learns from text a language
L iff (by definition) M, fed any text for L, outputs a sequence of grammars and this sequence
eventually converges to some fixed grammar for L. Instead of type-0 grammars, one could also
just use r.e. indices from a given acceptable numbering as it is often done in Recursion Theory.
In a slight extension of Gold’s basic model, a machine M BC-learns from text [10,26] a language
L iff (by definition) M, fed any text for L, outputs a sequence of grammars such that from some
point on all are grammars for L although they might not be the syntactically the same. That is,
EX-learning from text involves syntactic convergence to correct grammars while BC-learning
from text involves only semantic or behaviourally correct convergence.

Formally, our first main result (Theorem 7), more generally says that there are classes of
r.e. languages which can be EX-learned from text, but cannot be decisively BC-learned from
text. From this we obtain in Corollaries 8 and 9 that decisive learning limits learning power for
each of EX-learning and BC-learning from text. The latter result on BC-learning had been
shown by Fulk, Jain and Osherson [12, Theorem 4]; whereas, this result on EX-learning is new
and answers an open question of Osherson, Stob and Weinstein [25]. In contrast, we also show
(Proposition 17 in Section 4) that EX-learnable classes which contain the entire set of natural
numbers, N, do have a decisive EX-learner.

Note that it had been known before that, when learning programs for functions, decisiveness
does not limit learning power at all (see Remark 12 for references and further explanation).

We informally define second-time decisive learning as learning in which, for each text input
to the learner, there is no conjectured subsequence of hypotheses Hq, Ho, H3, Hy, H5 such that
H; is semantically equivalent to Hs and Hjs but semantically inequivalent to Hy and Hy (see
Definition 13 in Section 4). Contrasting interestingly with our first main result, we show, in
Proposition 16 in Section 4, that the learning power of second-time decisive EX-learners is the
same as that of unrestricted EX-learners. Hence, the additional power of non-decisive learning is
already achieved if we allow the learner to “return” semantically to each abandoned hypothesis
at most once.

In the next paragraph, we begin to explain what we know thus far about the power of (formal)
U-shaped learning.

Another contrast to our first main result is provided by our second main result, Theorem 20 in
Section 4. This result says that non U-shaped learning suffices to learn all EX-learnable classes.
Interestingly, the situation changes when BC-learning, rather than EX-learning, is considered.
Indeed, we have the following remark which easily follows from some proof of Jain and Osherson
[12, proof of Theorem 4].

Remark 1. Non U-shaped BC-learning and unrestricted BC-learning do not coincide.

On the other hand, analogously to the case of EX-learning, non U-shaped BC-learning and
decisive BC-learning differ in power (see Corollary 21 in Section 4).

In brief summary, when learning languages, semantically returning to abandoned hypotheses
1s sometimes helpful for both EX-learning and BC-learning. U-shaped learning is helpful too,
but for BC-learning only.



In Section 5, we present results showing how decisiveness interacts with a number of other re-
strictions on learning, for example, conservativeness [1], cautiousness [15,25], weak-monotonicity
[20] and prudence [11,15,25] (see Definitions 22 and 24 below).

Finally, in Section 6, we more extensively summarize our principal results, provide a more
detailed discussion regarding the possible power of U-shaped learning from cognitive science and
indicate a number of avenues worthy of future investigation.

Our exposition of results below is interspersed with a number of additional remarks (besides
Remark 1 above) which are useful in our proofs or of interest in their own right.

2 Decisive Learning

Now, we present the definition of learning and decisiveness formally; the first basic definitions
are quite general.

We use the variable o (with or without subscripts) for finite sequences of natural numbers
and the pause symbol. Such sequences are called strings. Initial segments of texts are always
strings. The range of a string o is the set of non-pauses in o and is denoted by rng(c). We
write =< for the prefix relation between strings and/or texts, for example, o; < 09 just in case
o1 is a prefix of oo. We write o7 for the concatenation of the strings o and 7. The index M (o)
is machine M’s conjectured grammar based on the information contained in o. Wy () is the
language defined by the grammar M (o) and W, 5, where i, s € N, is the set of all elements of W,
which can be enumerated within s steps of computation of the standard effective enumeration
of W;.

Definition 2. A learner M is decisive on a set S of strings iff there are no three strings o1, oo
and o3 such that oy and o3 are in S, 01 = 03 = 03 and Wy, differs from W5,y but is equal
to WM(U3).

A learner M is decisive iff it is decisive on the set of all strings.

So, a decisive learner may not semantically return to any output which it has previously aban-
doned. In particular, such a learner avoids U-shaped learning sequences and decisiveness of a
learner entails that the learner continues to output correct hypotheses from the moment it
outputs its first correct hypothesis.

We conclude this section with a series of remarks and their proofs describing some standard
techniques for the construction of decisive learners. We will apply these techniques in subsequent
proofs.

Remark 3. A finite class C can always be decisively EX-learned.

For this result, assume that C'is given as a list Lo, L1,..., L, of r.e. languages with r.e.
indices eg, e1,. .., e, such that, for all 4,j with ¢ < j < n, ¢; is an index for L; and L; 2 Lj;.
Then, for every ¢, 7 with ¢ < j < n, there exists an element x; ; in L; — L;. The decisive learner
uses the straightforward algorithm to output at any time the hypothesis e; for the least ¢ such
that no z; ; with j € {i + 1,74 2,...,n} has been seen in the input so far.

Remark 4. If a learner M is decisive on two sets S; and Sy of strings such that the classes
{Wir(ey : 0 in Si} and {Wyy ) : 0 in Sy} are disjoint, then M is actually decisive on the union
of S; and S5.



For a proof, assume that there were strings o, 09 and o3 with o7 < 09 < 03 where o; and o3
are strings in the union of Sy and Sy and Wy (4 is equal to Wy;(s,) but differs from Wy;(s,). In
case 01 and o3 were either both in S or both in S5, M could not be decisive on the corresponding
set S;; whereas, in case one of the strings were in S; and the other in S5, this would contradict
the assumption on M, S; and Ss.

Remark 5. By delaying the learning process, we can transform a learner M; into a new learner
M, for the same class such that the outputs of My satisfy certain properties. Here, on input o,
the learner My outputs M;(y) where v is the maximal prefix of o such that M, has already been
able to verify that M; () has the property under consideration. In the remainder of this remark,
we make this idea more precise and argue that, while delaying the learning process this way, we
can preserve decisiveness.

Formally, we fix a binary computable predicate on strings, written in the form P,(7), such
that, for all strings o1, 09 and v,

[P, (v) and o7 =< 09] implies P,,(7) (1)
and we define a partial function s on strings by
s(o) =max{y:v <o and P,(v)}

where it is to be understood that s(o) is defined iff the maximization in its definition is over a
nonempty set. Then, by (1), the function s is nondecreasing in the sense that if s is defined on
strings o1 and oy with o1 < 09, then s(0y) is a prefix of s(o3).

In case s(o) is defined, we let My(0) = M;(s(0)) and, otherwise, we let Ms(o) = e for some
fixed index e. We will refer to such a transformation of M; by the expression ‘delaying with
initial value e and condition P’ and, informally, we will call the learner Ms, ‘a delayed learner
with respect to M;.” For example, in the sequel, we will consider delayings with parameterized
conditions P, first, such that P,(7) is true iff the range of 7 is contained in Wy, (7) 0| and, second,
such that P,(7) is true for all 0 and 7 where the computation of M; on input 7 terminates in at
most |o| steps. The rationale for choosing these conditions will become clear in connection with
the intended applications.

Now, assume that we are given a class C where, for every text T for a set in C, the values
of the function s have unbounded length on the prefixes of T'; that is, there are arbitrarily long
prefixes 7 and o of T with 7 < o such that P,(7) is true. Then, it is immediate from the definition
of M, that, in case the learner M; learns C under the criterion EX or BC, the delayed learner
M; learns C under the same criterion.

Finally, assume that M, is decisive and that either W, # W, () for all strings o or W, =
Wi (n), where A denotes the empty string. Exploiting that, in both cases, by assumption on e,
as shown just below, the set £ = {0 : W) = W} is closed under taking prefixes, one can
show that M, is again decisive.

We show that F is indeed closed under prefixes, arguing by cases.

Case 1. (Vo )[We # Wi, (0)]. Suppose o € E. Then, by definition of My, s(o) 1. Let 0’ < 0. If
s(a’) |, we have (37 =< ¢')[P,(7)]. But, by hypothesis on P,, we have P,/(v) Ao’ < o = FP,(7).
Then s(o) |. Contradiction. Therefore s(¢’) T and o’ € E.

Case 2. W, = Wy, (0, A the empty string. Observe that, in any case, W, = Wy, (») (that is,
A € E) holds: if Py(A) is true then s(\) |= A and My(X) = M;(s(A)) = M;(\) and therefore
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Wianoy = Wiy = We. If Py\(X) is false then s(\) T and by definition of M, we have Ms(\) = e.
Let 0 € E.

Case 2.1. s(0) 7. Argue as in Case 1.

Case 2.2. s(0) |. Then, since 0 € E, we have Wy, (5(0)) = We. Let ¢’ be such that A < 0/ < o
(by the observation that A\ € E, it is sufficient to consider such o’). If Wy, oy # W, since by
hypothesis of Case 2.2 Wy, (o) = Was(s(07)), it follows that W, # Wiy, (507)). Observe that by
definition of the function s(-), for all strings 7/, 7, if 7/ < 7, and s(7’) |, then s(7') < s(7). But
we know that Wz, (n) = Was, (s0)) = We and therefore A, s(0’), s(0) are a counterexample to the
decisiveness of M.

For a proof by contradiction, assume that M, were not decisive, that is, there are strings oy,
oy and o3 with o1 < 03 =X 03 such that Wy, (,) is equal to Wy, () but differs from Wy, (o).
If the set E intersects {01, 09,03}, then it must contain o7 by being closed under prefixes. But,
then, by definition, F must contain o3 and, again by closure under prefixes, must contain o, that
iS, Wiry(01) = Wity (o) = We, thus contradicting our assumption on the o;’s. Thus, Wy, ) # We
for i = 1,2, 3; hence, the strings s(oy), s(o2) and s(o3) witness that M is not decisive, giving a
contradiction again.

3 The Limits of Decisive Learning

In this section, we show that decisiveness is a proper restriction for EX-learning from text. In
the proof of the latter result, we will use Lemma 6, which relates to a result stated by Jain et
al. [15, Exercise 5-3|: every class which does not contain N and can be EX-learned, can in fact
be EX-learned by a learner which never outputs an index for N; that is, for all o, W, differs
from N. Observe that Lemma 6 can be shown with BC-learning replaced by EX-learning by
essentially the same proof.

Lemma 6. Let C be an infinite class where every finite set is contained in all but finitely many
sets in C. If the class C can be decisively BC-learned from text, then it can be decisively BC-
learned from text by a learner which never outputs a hypothesis for N.

Proof. By assumption, there is a decisive BC-learner M which learns C' from text. In case M,
never outputs an index for N we are done. So, fix a string 75 such that Wy () = N and, by
assumption on C, choose A # N in C which contains rng(7y). For every text for A, the learner
My must eventually output an index for A and, consequently, we can fix an extension 7 of 7
such that My(7) is an index for A. But A differs from N and, thus, for all extensions of 7, the
decisive learner My can never again output an index for N (hence, in particular, N ¢ C). In the
construction of a BC-learner M as asserted in the theorem, the key idea now is to restrict the
outputs of M to indices of the form My(70), except for at most finitely many additional indices
of sets in C which do not contain the set D = rng(7). We partition the set of all strings into the
sets

Si={c:D Zrmg(o)} and Sy={o:D Crng(o)}
and we partition C into the classes
C,={LinC :DZL} and Cy,={LinC :DCL}.

By assumption on C, the class C is finite and, as in Remark 3, we can fix a decisive EX-learner
M for C}, which learner, in particular, outputs only indices for sets in C;. Concerning Cj, first
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consider a learner M, which on input o outputs My(70). We leave to the reader the routine
task of showing that ]\% BC-learns C; and inherits the property of being decisive from M. Let
M, be the learner obtained, according to Remark 5, by delaying M, with initial index e and
condition P where e is an index for some set which neither contains D nor is in C; and the
condition P is defined by

P,(y) iff D is contained in W~

Mz(v),lo]"

We next show directly that £ = {0 : W) = W} is closed under prefixes. Let o € E.

Case 1. s(o) 7. Argue like in Case 1 in the comment to Remark 5.

Case 2. s(0) |. By definition we have s(o0) = max{y : v < ¢ and P,(7)}, that is, s(o) =
max{y : v =X o and rng(r) C WE(’Y),M}' Therefore Wiz () # We, since, by choice of e,
rng(7) ¢ W,. This shows that o € E iff s(o) 1, that is, that only Case 1 can hold.

Now, we obtain a learner M as required where

M(o) =

Mi(o) in case o is in Sy,
Ms(o) otherwise.

In order to see that M BC-learns C, assume that M is presented to a text T for a set L in
C. In case L is in C}, the learner M agrees on all prefixes of T" with the learner M; for Cfi;
while, similarly, in case L is in Cj, the learner M agrees on almost all prefixes of T" with the
learner My for C,. In order to see that M is decisive, it suffices to observe that S; and S
witness that M satisfies the assumption of Remark 4. The latter holds because M; and M, are
both decisive and because every set of the form W, (,) contains D; whereas, no set of the form
Wi, () contains D. O

Theorem 7 just below is the first main result of this paper.

Theorem 7. There is a class which can be EX-learned from text, but cannot be decisively
BC-learned from text.

From Theorem 7 the following corollaries are immediate. Here, Corollary 8 answers an open
problem stated by Osherson, Stob and Weinstein [25] and by Fulk, Jain and Osherson [12],
while Corollary 9 has been previously shown by Fulk, Jain and Osherson [12]. We will argue
in Remark 18 that the proof of Corollary 9 by Fulk et al. [12] neither yields Theorem 7 nor
Corollary 8.

Corollary 8. The concept of decisive EX-learning from text is a proper restriction of EX-
learning from text; that is, there is a class which can be EX-learned from text, but cannot be
decisively EX-learned from text.

Corollary 9. The concept of decisive BC-learning from text is a proper restriction of BC-learn-
ing from text; that is, there is a class which can be BC-learned from text, but cannot be decisively
BC-learned from text.

Proof of the theorem. The class C' is constructed as follows. Let My, M, ... be a recursive
enumeration of all primitive recursive learners. Furthermore, define a partial-recursive function F’
from N x N — N* such that F(m,n) is the first string o found satisfying the following conditions
iff such a string exists and F'(m,n) is undefined otherwise:
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— n is the first nonelement of the range of o;
— Wh,.() 18 a proper superset of the range of o.

The property of being the first nonelement uses as a type of id. That is, for any language L, id(L)
is its first nonelement if it exists and id(N) is oo otherwise. Furthermore, a partial K-recursive
one-to-one function G with K-recursive domain is defined at input n as follows:

— If there is an m < n/2 such that
e G(k) # m for all k < n where G(k) is defined;
e Thereisa /€ {m,m+1,...,n} such that F(m,() is defined and id(Was,,(p(m.e))) = 1;
then G(n) is the least such m. If no such m is found then G(n) is undefined.

It can easily be verified by induction that g is K-recursive and has a K-recursive domain since
the step to deal with G(n) after the previous values have been processed only involves the testing
whether F'(m,n) is defined for some m < n/2 and whether n is in the range of Wy, (p(m,n)) What
both can be done using the halting-problem oracle K.

Finally, these two tools, that is, the functions F' and G, permit to define the class C to be
learned as to contain the following sets:

— the range of F'(m,n) for every m € {1,2,...,n} where F(m,n) is defined,;

— the set WMg(n>(F(G(n),£)) for the first ¢ € {G(n), G(n) +1,... ,TL} with id(WMG(n>(F(G(n),€))) =n
whenever G(n) is defined,;

— the set N\ {n} whenever G(n) is undefined.

Claim 1. Cis EX-learnable.

We construct a learner Ny which EX-learns C from text. Since GG is a partial K-recursive
function with a K-recursive domain and since F' is partial-recursive, there is a total-recursive
approximation ¢ finding an index of that set with id n in C which is specified implicitly by G
at n:

— If G(n) is defined then lim;g(n,t) converges to the index Mg, (F(G(n),£)) for the first
t€{G(n),G(n)+1,...,n} where F(G(n), () is defined and id(War,,,(r(G(n).0)) = 1
— If G(n) is undefined then lim;g(n,t) converges to an index of N\ {n}.

Given any input with range D and length ¢, the learner Ny conjectures an index for D if there is
some m < n such that the computation of F'(m,n) converges within ¢ steps and outputs a string
with range D. Otherwise Ny conjectures g(n,t). In order to enforce syntactic convergence, one
can furthermore assume that Ny outputs always the same index for the set D in the case that
Ny discovers that D equals to the range of some F'(m,n) with m < n.

For the verification of Ny, consider any language L € C. After Ny has seen enough data, the
following conditions hold for the parameters n, D,t on the input seen so far as above:

— the parameter n equals to id(L);

— ¢ has converged at n in the sense that g(n,t) = g(n,u) for all u > t;

— if L is finite then D = L;

— for all m € {0,1,...,n} where F'(m,n) is defined, F'(m,n) is already defined within ¢ steps;

— forallm € {0,1,...,n} where F'(m,n) is defined and has a range not containing all elements
of L, D contains at least one element outside the range of F(m,n).
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In the case that D is the range of F(m,n) for some m < n then Ny remarks this as the
corresponding computation has converged within ¢ steps and outputs an index for D. In the case
that D is not equal to the range of any F(m,n) with m € {0,1,...,n}, Ny outputs g(n,t) which
equals to lim,g(n, u). By construction of the approximation g, this value is the index of the only
set in L besides the ranges of F'(0,n), F'(1,n),..., F(n,n) which has id n. So Ny converges to
an index of L and N, is an EX-learner for C.

Claim 2. C'is not decisively behaviourally correctly learnable.

Assume now by way of contradiction that there is a decisive BC-learner for C. As the class C
contains at most n + 1 sets of id n for each n, C satisfies the precondition of Lemma 6 and so
one can assume that there is a decisive BC-learner Ny for C which never outputs any index for
N.

Now consider a delayed learner Ny obtained by delaying N; with initial index N;(\) and
condition P where P,(7) is true iff the computation of N; on input 7 terminates after at most
|o| steps. Then, Ny is again a BC-learner for C which never outputs a hypothesis for N and,
by Remark 5, is decisive. Moreover, N, can obviously be chosen to be primitive recursive. As a
consequence, there is an index m in the in the listing My, My, ... of primitive recursive learners
considered above such that M,, = N.

Note that the function G is undefined at infinitely many places as G is a partial and one-to-
one function mapping each k in its domain to something smaller than k/2. So there is a value
h outside the domain of G such that h > 2m and h > k for all k with G(k) < m. As, on
almost all prefixes of the ascending text for N\ {h}, M, outputs an index for that set, this
text has a prefix o containing 0,1,...,n — 1 such that M, (o) is an index for N\ {h}. Then
o would be a possible value for F'(m,h) and thus F'(m,h) is defined. As M,, never outputs a
hypothesis for N, the inequalities h < id(Way,, (r(m,n))) < 00 hold. By the inductive construction
of G, G(id(Whs,,(F(m,n)))) = m unless G takes the value already at some smaller number, thus
m is in the range of G.

So let n be the number with G(n) = m. Then there is a number ¢ € {m,m + 1,...,n} such
that F'(m, () is defined and id(Why,,(p(m.e))) = n. Consider the two sets L = Wiy, (p(m,e)) and H
being the range of F'(m, (). Both sets L and H are in C and M,,(F(m,()) is an index for L. L is
a proper superset of H. Furthermore there is an extension o of F(m,¥) with range H such that
M,,(0) is an index of H and a further extension 7 of o such that M,,(7) is an index for L since
otherwise M,,, would fail to learn the sets H, L. It follows that M,, is not decisive in contradiction
to the assumption. Thus C does not have a decisive behaviourally correct learner. O

Theorem 7 above and the following Remark 11 show that the concepts of EX-learning from
text and decisive BC-learning from text are incomparable in the sense that, for each of these
concepts, there are classes which can be learned under this concept but not under the other one.
In the proof of Remark 11 below, we use a standard class known to be BC- but not EX-learnable
from text and show that this class can be decisively BC-learned from text. We recall the concept
of locking sequence which will be used frequently below.

Definition 10. Let a learner M, a set L and a string o be given. Then, o is a locking sequence
for M and L iff rng(o) is contained in L = Wy and M(oT) is equal to M(o) for all strings T
over Wiy (o). Furthermore, o is a locking sequence for M iff o is a locking sequence for M and
WM(U)'



A learner M learns via locking sequences iff for every language L which is EX-learned by
M, every text for L has a prefix which is a locking sequence for M and L.

It is known that every class which can be EX-learned from text at all, can actually be EX-learned
from text via locking sequences (see, for example, Fulk [11, Theorem 13] and the references cited
there).

Remark 11. The class C of all sets of the form K U {z}, where K is the halting problem and
x € N, can be decisively BC-learned from text, but cannot be EX-learned from text.

For a proof, first consider a learner N where N(o) is an index for K U rng(c). Then, N
BC-learns C from text and, moreover, N is decisive because, for all strings 7 and ¢ with 7 < o,
the set Wy (;) is contained in W (4.

Next assume, for a proof by contradiction, that there were a learner M which EX-learns C
from text. Let 7 be a locking sequence for M and K. Then, the set

H ={z:(30)[o is a string over K U{x},7 <o and M(o) # M(7)] }

is recursively enumerable. But H is the complement of K which contradicts the fact that H is
recursively enumerable, thus, C cannot have a computable EX-learner.

In fact, the set H does not contain any =z € K since 7 is a locking sequence for M, while for
r € K, K = KU{x}. On the other hand, for every « ¢ K, there is a ¢ as in the definition of H
because, in this case, the set K is strictly contained in K U {z} and, consequently, as M learns
K U{z}, by extending 7 to a text for K U {z}, we eventually reach a string in o over K U {z}
such that o extends 7 and M (o) # M(7). So, every x ¢ K is in H.

Remark 12. Schéfer-Richter [29] (see also Osherson et al. [25, Section 4.5.5]) and, implicitly,
Wiehagen [34] showed that every class of functions which can be EX-learned can in fact also be
decisively EX-learned (notice that a basic trick from Schéfer-Richter [29] is employed, modified,
in the proofs of both our Propositions 16 and 17; furthermore, note that one can think of function
learning as the special case of language learning restricted to languages which are the graphs
of (total) computable functions). The same holds for BC-learning (this is shown explicitly by
Fulk, Jain and Osherson [12] and, implicitly, by Freivalds, Kinber and Wiehagen [13]).

4 The Power of Decisive Learning

While we have shown, in the just previous section, that decisiveness properly restricts EX-
learning, we will show now that in certain respects decisive and unrestricted EX-learning are
rather close. We first show that every EX-learnable class can be learned under a criterion which
is slightly more liberal than decisive EX-learning in so far as every abandoned hypothesis can
be semantically reconjectured at most once. Then, we prove that every EX-learnable class can,
indeed, be decisively learned if it contains N. Using the latter result, we finally prove our second
main result (Theorem 20) that every EX-learnable class can be learned in a non U-shaped
manner. Intuitively, while a decisive learner may not semantically return to any abandoned
hypothesis, a non U-shaped learner is instead not allowed to return semantically to any learnable
abandoned hypothesis (see Definition 19 below).
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Definition 13. A learner M is second-time decisive iff there are no five strings o1, ... ,05 with
oy = 0y X 03 2 04 = 05 such that Wyy(e,) is equal to Was(oy) and Wiy(es) but differs from
WM(O'Q) and WM(04).

Remark 14. A learner M is second-time decisive if and only if there is a set S of strings such
that M is decisive on S as well as on the complement of S. For a proof of this equivalence,
first assume that M satisfies the right-hand side as witnessed by some set S. If there were five
strings as in Definition 13 above, then, out of the three strings o, o3 and o5, there would be
two which either both belong to S or both belong to the complement of S, thus contradicting
the fact that M is decisive on S and its complement. Conversely, if there are no five strings as
in the definition, then M satisfies the right-hand side as witnessed by the set .S of all strings o3
such that for some strings oy and o, with o1 = 05 = 03, the set Wy (,,) is equal to Wyy(4,) but
differs from Wyy(s,).

The subsequent proofs in this section will use Theorem 15 below. Our proof of this theorem is
an adaptation of the proof of the well-known fact, noted just after Definition 10 above, that
every class which can be EX-learned from text at all, can actually be EX-learned from text via
locking sequences.

Theorem 15. Let the class C be EX-learned from text by some learner My and let g be a

computable function such that every finite set is contained in Wy, for infinitely many n.
Then, there is a learner M and a set S such that M EX-learns C from text, M is decisive

on S and

Wty is in {Wager) -: 7' is a string} z:fa z:s in Sf 2)

{Wyqy s i in N} if o is not in S.
Furthermore, if the sets Wy, Wy, ... are mutually distinct, then M is also decisive on the
complement of S.

Proof. By the comment right after Definition 10, we can assume that C'is EX-learned by M,
via locking sequences. Observe in this connection that the standard construction for transforming
a learner M, into a new learner that learns via locking sequences works such that all guesses of
the new learner are of the form M(7); hence the theorem and, in particular, condition (2) holds
for M, if and only if it holds for the transformed learner. Define for strings 7 the following.

— 7 is consistent iff the range of 7 is contained in Wy, (-);
— 7 is s-consistent iff the range of 7 is contained in Wyy(7).s;
— 7 is self-locking iff there is no string n over Wy, () such that My(7) # Mo(7n);
— 7 is s-self-locking iff there is no string n over Wy (- s of length at most s such that My(7) #
Mo(Tn).
By definition, a string 7 is a locking sequence for M, if and only if 7 is consistent and self-locking.
Furthermore, a string is consistent if and only if it is s-consistent for almost all s, and a string
is self-locking if and only if it is s-self-locking for all s.
Fix a one-to-one computable function ¢ that maps pairs of a string and a natural number to
natural numbers such that for all 7 and s, the set W )) contains the range of 7 as well as
Wagy(r),s- Then, let, for each string 7,

V) Wi if 7 is self-locking,
T =
Wii(r,sy) if s > 0 is minimal such that 7 is not s-self-locking.

11



Claim 1. The sets V(1) are recursively enumerable and an index v(7) for V(7) can be computed
from 7.

A Turing machine which enumerates the set V(7) might, for example, for stages s =0,1,2,.. .,
enumerate the numbers in Wy ;) s, while, in case it encounters a stage s such that 7 is not
s-self-locking, the Turing machine enumerates the numbers in the superset W (- s)) of Wz (7).
and stops. The construction of this Turing machine is effective in 7, hence the function v can be
chosen to be computable. This completes the proof of the claim.

For the remainder of this proof, say o is connected to ¢’ if 0 < ¢’ and
Mo(0) = My(y) for all v with o <y < ¢’
Define a partial function 7 from strings to strings as follows.

7(0) = the first 7 < ¢ such that
- 7 and o are connected,
- 7 is |o|-self-locking,

- T is |o|-consistent.

By construction, the function 7 is partial-recursive and its domain is a recursive set. As a
consequence, the following learner M is indeed computable.

M(o) =  U(T(@)) i (o) is defined,
g(i(0,0)) otherwise.

By substituting the definition of v, we obtain

Witro))  if 7(0) is defined and self-locking,
Wire) = § Wyiitr(0),s)) if (o) is defined and not self-locking, (3)
W (i(o,0)) if 7(o) is undefined,

where s > 0 is the value from the definition of V(7(0)). We show that the assertion of the
theorem is satisfied for M and the set

S ={o: 7(0) is defined and self-locking}.

From the definition of S and by (3) it is immediate that condition (2) in the theorem is satisfied.
Claim 2. The learner M EX-learns C' from text.

Given a text T for a language L in C| by assumption on My, there is a least prefix 7y of T" which
is a locking sequence for My and L. That is, My(7p) is an index for L and 7 is consistent and
self-locking. By choice of 7y, for almost all prefixes o of T' the string 75 but no proper prefix of 7,
satisfies all three conditions in the definition of 7(¢). Hence for almost all prefixes o of T', we
have 7(0) = 79 and M (o) = v(7p), where v(7p) is an index for L = Wy, (7, by (3) and because 7,
is self-locking.

Claim 3. Let 7 be defined on strings ¢ and ¢’ where o < ¢'. Then 7(c) < 7(¢’); that is, the
function 7 is nondecreasing.

12



By definition of 7, the strings 7(0) and 7(0’) are connected prefixes of o and o', respectively. In
particular, both strings are prefixes of ¢’, hence the claim follows if one can show that 7(¢’) is
not a proper prefix of 7(o). For a proof by contradiction, assume that the latter is false, that is,
we have 7(0') < 7(0) < 0 =< ¢’. In case ¢ is not connected to ¢’, we obtain as a contradiction
that 7(o’) but not its extension o < ¢’ is connected to ¢’. In case o is connected to o', the
string 7(¢’) is connected to ¢ because it is connected to o', is |o|-self-locking because it is |o'|-
self-locking where |0’| > |o| and is |o|-consistent because its extension 7(o) is |o|-consistent.
That is, 7(¢’) satisfies all three conditions in the definition of 7 at place o, thus contradicting
the minimality of 7(o).

Claim 4. If 7(0) is defined and self-locking, then 7(¢”’) is defined and coincides with 7(o) for
all ¢’ to which ¢ is connected.

Fix o as in the assumption of the claim and some ¢’ to which ¢ is connected. Then o < ¢,
hence 7(0) < 7(¢’) by Claim 3. On the other hand, 7(¢’) < 7(¢) by the minimization in the
definition of 7. More precisely, 7(o) is connected to ¢’ because it is connected to o, is |o’|-self-
locking because it is self-locking and is |o’|-consistent because it is |o|-consistent.

Claim 5. Let 01,05 and o3 be strings where 0; < 09 < 03 and 7(07) and 7(03) are defined and
coincide. Then 7(03) is defined and coincides with 7(oy) and 7(o3).

By Claim 3, it suffices to show that 7(03) is defined at all, that is, that there is a string that
satisfies all three conditions in the definition of 7 at place o9. The latter is witnessed by the
string 7(o1) = 7(03), which is connected to oy, is |0 |-self-locking, and |03 |-consistent because it
is connected to both of oy and o3, is |o3|-self-locking and is |0y |-consistent, respectively.

Claim 6. The learner M is decisive on S.

Fix any strings o1 and o3 in .S and a string o, such that o; < g5 < 03; recall that by definition
of S, the strings 7(0;) and 7(03) are consistent and self-locking. In case o7 is connected to o3,
by Claims 4 and 5, the function 7 has the same value on o;, 05, and o3. In case oy is not
connected to o3, then also 7(07) is not connected to 7(o3), that is, there is a string v such
that 7(01) 2 v <X 7(03) and My(7(0y)) differs from My(7y). But 7(oy) is self-locking, thus there
must be a number which is not contained in Wy, (r(,,)) but is contained in the range of . Hence
this number is contained in the range of 7(03) and its superset Wy, (r(oy))- Consequently, the
sets War(o1) = Wasg(r(o1)) a0d Wiar(os) = Wagy(r(oy)) are distinct. In summary, the claim follows
because for any strings 01,0, and o3 as above either the sets Wy, for i = 1,2,3 are all the
same or Wy (o) differs from Wy;(s,).

Claim 7. Ifthe sets W), W1, . . . are mutually distinct, then M is decisive on the complement
of S.

For any distinct pairs (7, s) and (7', s’), the set W(i(,4)) differs from W, 1)) because ¢ is one-
to-one and by assumption on the sets W(;). Furthermore, by (3), for any string o not in S, in
case 7(0) is undefined, the set Wy (o is equal to W (;(4,0)), whereas in case 7(o) is defined, W (o)
is equal to W(i(r(e),s)) for some s > 0 that only depends on 7(c). So, given any oy and o3 not
in S such that Wy, is equal to Wyy(s,), the strings 7(01) and 7(03) are both defined and
are the same. Then, by Claim 5, for any oy such that o7 <X 0y =X 03, the value of 7(09) is
defined and coincides with 7(o1), hence W5,y = Was(s,). The claim now follows by definition
of decisiveness. Furthermore, with this claim, the proof of Theorem 15 is completed. O
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We have seen in Section 3 that there are classes which can be EX-learned from text, but cannot
be decisively EX-learned. Proposition 16 shows that the additional power of non-decisive learning
is already achieved if we allow the learner to return semantically to each abandoned hypothesis
at most once.

Proposition 16. Fvery class which can be EX-learned from text can also be EX-learned from
text by a second-time decisive learner.

Proof. By Remark 14, Proposition 16 is a special case of Theorem 15 where we fix a computable
function g such that, for all 4, the set Wy is just {0,...,i}. O

The class constructed in the proof of Theorem 7 in order to separate the concepts of unrestricted
and decisive EX-learning does not contain the set N. By Proposition 17 just below, which is
again a direct consequence of Theorem 15, this is no coincidence.

Proposition 17. FEvery class which contains N and can be EX-learned from text can be deci-
siely EX-learned from text.

Proof. Let C be EX-learnable and contain N. Fulk [11] showed that C has a prudent learner
My — such a learner outputs only indices of sets which it also learns. Since there is a locking
sequence 7 for N, M, does not learn any finite language containing rng(7). Hence, defining
Wy = {0,1,...,i+maxrng(7)} makes the sets Wy, different from all sets learned by M, and,
thus, also different from all sets conjectured by Mj.

We apply Theorem 15 to M, and g. We obtain an EX-learner M for C' and a set S of strings
such that M is decisive on both S and its complement. Moreover, W) and Wy, are different
for all o € S and n ¢ S; hence, M is already decisive by Remark 4. O

Remark 18. Fulk, Jain and Osherson [12, Theorem 4| give an example of a class L which can
be BC-learned from text but cannot be learned so decisively. While their construction bears
some similarities to the construction of the class C in the proof of Theorem 7, their class L
is not EX-learnable from text and, consequently, neither yields Theorem 7 nor a separation of
decisive and unrestricted EX-learning as stated in Corollary 8.

For a proof that L is not EX-learnable, note that there is no set in L which contains the num-
bers (0,0) and (1,0), where (-,-) denotes a standard pairing function [28]. Hence, by switching
to some fixed index for N as soon as the data contain both numbers, every EX-learner for L can
be transformed into an EX-learner for L which also identifies N. But, then, by Proposition 17,
if the class L were EX-learnable, it were decisively EX-learnable; whereas, by construction, L
is not even decisively BC-learnable.

Proposition 17 above gives a sufficient condition for an EX-learnable language class to be also
decisively learnable. This condition can be both easily described and checked. Clearly, if we
drop this condition, then, by Corollary 8, we can no longer guarantee decisive learning. But,
surprisingly, we can guarantee non U-shaped learning (for EX), yet the latter is, nonetheless,
seemingly close to decisive learning.

Definition 19. A learner M is non U-shaped on a class C of languages iff for any L € C and
any text T' for L, there are no prefizes 01,09, and o3 of T' such that oy = 02 = 03, Wi(e,) and
Wit(os) are equal to L but differ from Wy (o).
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Thus, non U-shaped learning liberalizes the requirement of decisiveness from being a restriction
on all hypotheses output to the same restriction but on learnable outputs only.
Our second main result follows.

Theorem 20. Fvery EX-learnable class is non U-shaped EX-learnable.

Proof. Let Cbe any EX-learnable class and let M be a corresponding learner. We may assume
that N is not in C| since, otherwise, by Proposition 17, C would be decisively learnable and,
hence, non U-shaped learnable. Let ey be an index for N and let g be the constant function with
value ey. Apply Theorem 15 to g and M in order to obtain a set S and an EX-learner M for C,
where M is decisive on S, while W, is equal to N for all strings o that are not in S. But C
does not contain N, hence M is non U-shaped on C. O

Note that Theorem 20 is no longer correct if we consider BC-learning in place of EX-learning.
Actually, non U-shaped BC-learning differs from unrestricted BC-learning (see Remark 1).
On the other hand, analogously to EX-learning, non U-shaped BC-learning and decisive BC-
learning are different as well.

Corollary 21. The concept of decisive BC-learning from text is a proper restriction of non U-
shaped BC-learning from text; that is, there is a class which can be non U-shaped BC-learned
from text, but cannot be decisively BC-learned from text.

Proof. Of course, decisive learning implies non U-shaped learning.

Let C be the class from the proof of Theorem 7. By this proof, C is not decisively BC-
learnable. On the other hand, C'is EX-learnable and, hence, by Theorem 20, C'is non U-shaped
EX-learnable as well. But, then, obviously, C'is non U-shaped BC-learnable. a

5 Relations Between Decisive, Conservative, Cautious and Prudent
Learning

In cases where we already know that some concept of learning does not allow the learning of
all EX-learnable classes, by using Proposition 17, we can often show that the concept under
consideration in fact does not even allow the learning of all classes which can be decisively EX-
learned. We show this now for the concepts of conservative and cautious EX-learning defined
just below (Definition 22).

Definition 22. A learner M is conservative iff for all strings o1, 09 with 01 = 09 and rng(oy) C
Wat(e), the hypothesis M(oq) is equal to M (o).

A learner M is cautious iff for all strings 01,09 with o1 = 03, the set Wy (4,) is not a proper
subset of Wy(oy)-

Angluin has shown that in the context of text learning, conservative EX-learning is a proper
restriction of EX-learning (see Angluin [1, Theorem 4] or Jain, Osherson, Royer and Sharma [15,
Proposition 5.46]). It can further be shown that conservative EX-learning is a proper restric-
tion of cautious EX-learning, which in turn is a proper restriction of EX-learning (see Exer-
cises 4.5.4A and 4.5.4B in Osherson, Stob and Weinstein [25]). By the latter remark, Proposi-
tion 23 just below trivially remains true with ‘cautiously’ replaced by ‘conservatively’ — and
this is just the content of Exercise 4.5.5.C in Osherson, Stob and Weinstein [25].
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Proposition 23. There is a class which can be decisively EX-learned from text, but cannot be
cautiously BC-learned from text.

Proof. Let C contain the set {x,x + 1,...} if # ¢ K and all finite sets with minimum x if
x € K. A decisive learner can be obtained by conjecturing on input with nonempty range D,
minimum x and length ¢ the set {x,x +1,...} if z ¢ K; and the set D if 2 € K;. But given any
recursive BC-learner M for this class, the set of all x such that M overgeneralizes on some input
with  being the minimum of the input’s range is r.e. and contains K. Thus it must be a proper
superset of K and there is a finite set D with minimum in K on which M overgeneralizes. As
M learns this set, M is not cautious. O

While we have just seen that the concepts of conservative and cautious EX-learning differ from
decisive EX-learning, Proposition 25 below shows that all three concepts coincide for prudent
learners.

Definition 24. A learner M is prudent iff for all strings o, M learns the set Wy (o).
A learner M is weak-monotonic iff for all strings o and T where rmg(oT) is contained in
Wir(o), tn turn the latter set is contained in W ps(gr).

The concept of weak-monotonic learner was introduced by Lange and Zeugmann [20]. In their
paper, it is shown that a class of uniformly recursive languages can be conservatively EX-learned
from text if and only if it can be EX-learned from text by a weak-monotonic learner. Then, the
same result was proved but for arbitrary classes of r.e. languages (see Jain and Sharma [16] and
Kinber and Stephan [18]).

Proposition 25. Let the class C be EX-learned from text by some learner M which is decisive
and prudent. Then, M is weak-monotonic and, in particular, C can be EX-learned from text by
a conservative learner.

Proof. Assume for a proof by contradiction that M is not weak-monotonic. Then, there are
strings o1 and oy with o7 = 09 such that rng(os) is contained in Wis(er) but Wiy(e,) is not
contained in Wyy(s,); hence, in particular, the two latter sets are distinct. Now, M is prudent
and, hence, EX-learns W;(,,). Therefore, by extending o5 to a text T for Wy;(,,), we obtain an
extension o3 of oy where the sets Wy (,,) and Wy () are the same. But we have already seen
that Wyy(o,) differs from W (,,); hence, contrary to our assumption, M is not decisive. O

6 Summary, Discussion and Further Problems

Corollary 26 just below summarizes the most important of the results of the present paper. Not
included in Corollary 26 is the interesting separation (for language learning from text) between
EX*-learning and decisive EX*-learning mentioned at the end of Remark 12 and the relations
between decisive, conservative, cautious and prudent learning given in Section 5.

Corollary 26. In the following diagram, the transitive closure of all the inclusions shown (by
arrows) and their transitive closure hold, but no other ones.
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BC

|

Non U-Shaped BC

AN

Non U-Shaped EX
= EX = Decisive BC

Second Time Decisive EX /

Decisive EX

Proof. The equalities follow from Proposition 16 and Theorem 20. The inclusions are, then,
straightforward. The non-inclusions follow from Remarks 1 and 11 and Theorem 7 (together
with several inclusions and equalities). O

We can conclude from Corollary 26 that, for learning languages from text, semantically returning
to abandoned hypotheses is helpful for both EX-learning and BC-learning. However, between
these two criteria, U-shaped learning is helpful for BC-learning only. In particular, then, seman-
tically returning to abandoned hypotheses is helpful for both criteria if and only if the abandoned
hypotheses are not for learnable languages. In this way, the present paper contains new results
compared to the preliminary version [3] (by some of the authors) and, hence, is able to present
a more nearly complete and accurate picture of decisive and non U-shaped learning. Based on
this, subsequent work investigated the role of non U-shapedness and decisiveness with respect to
other learning criteria [6-8,17]. Next we discuss the possible connection between the formal re-
sults obtained in the present work and the cognitive science motivation for studying (the formal
version of) U-shaped learning (mentioned in Section 1 above).

The studies concerning U-shaped learning in human cognitive development that are cited
above in Section 1 do not (and, perhaps, could not) give us some idea as to whether every
human child, say, above a certain level of mental ability, always shows U-shaped learning in at
least one domain. We would expect to see this if U-shaped learning is necessary to learn the
things humans learn and that were somehow important in the past for surviving long enough
to leave offspring who do the same. Perhaps there is at least one bright human child (or one
who eventually has many great™ grandchildren for very large n) who seemingly exhibits no U-
shaped learning in any known domain. If so, we might conclude that U-shaped learning is not
a necessary phenomenon (for humans). So, what light might the formal results above shed on
the problem? For example, is human learning more like EX-learning or BC-learning? Gold [14],
for example, argues from the empirical psycholinguistic literature, for EX-learning from text;
however, BC-learning ostensibly had not yet been considered at the time of his paper. Indeed,
Gold’s model of EX-learning from text has been extensively discussed as to what it may say
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about human linguistic learning — see, for example, [19,27,33]. Osherson and Weinstein [24]
and Wexler [32] discuss some positive and negative aspects of modeling human linguistic learning
by BC-learning instead of EX-learning. Case [9] discusses, in this regard, some other, related
and intermediate criteria of success which are not presented in the present paper. Again in the
context of human linguistic learning, McNeill [22] notes empirically that there is faster learning
of language for children in homes in which more corrections (usually in the form of expansions)
are given. These corrections provide, among other things, negative information — which is not
available from mere text. Baliga, Case and Jain [2] present a formal result to the effect that
the presence of minimal negative (non-text) information can yield a significant improvement in
language learning speed (as calibrated by number of mind-changes required to reach a correct
grammar). It seems fair, then, to say that it is not yet clear which, if any, known variants of
EX-learning might better model even human linguistic learning.

In general, n-th time decisive and non n-U-shaped learning (with the obvious definitions), for
the many criteria other than EX (such as BC) and wholy (or partly) involving language learning
from text and which are from [2,9,10, 26] have not been fully investigated herein and it could
be quite interesting to do so in the future. Re these further criteria: the story on non U-shaped
learning and variants vis a vis their possible relation to cognitive development may become more
complex.

Furthermore, it would be very interesting to obtain characterizations (especially those in-
sightful for cognitive science) for n-th time decisive and non n-U-shaped learning when they
differ from the underlying, unrestricted criteria.
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