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Abstract

Many general and specific arc consistency algorithms have been produced in
the past for solving Constraint Satisfaction Problems (CSP). The important
general algorithms are AC-3, AC-4, AC-5 and AC-6. AC-5 is also a generic
algorithm. It can be reduced to AC-3, AC-4 and AC-6. Specific algorithms are
efficient specializations of the general ones for specific constraints. Functional,
anti-functional and monotonic constraints are three important classes of specific
constraints. AC-5 has been specialized to produce ad) @lgorithm (in time)
for these classes of constraints. However, this specialization does not reduce the
space requirement. In practical applications, both time and space requirements
are important criteria in choosing an algorithm.

This paper makes two contributions. First, we propose an improved generic
arc consistency algorithm, called AC-5*. It can be specialized to reduce both
time and space complexities. Second, we present a more efficient technique for
handling an important subclass of functional constraints, namehgasing
functional constraintsThis technique is significant because in practice almost all
functional constraints are actualhcreasing functional constraints

1. Introduction

Arc consistency techniques are the key techniques for solving Constraint Satisfaction
Problems (CSP). Past research has produced many general and specific arc consistency
algorithms. The most important general algorithms are AC-3 [15], AC-4 [18], AC-5 [25]
and AC-6 [1]. AC-5 is also a generic algorithm, and it can be reduced to AC-3, AC-4 and
AC-6. Among these algorithms, AC-3 has the optimal space complexityeof Q) [18,

15], while AC-4 and AC-6 have the optimal time complexity oe@) wheren is the
number of variables is the number of arcs, ands the size of the largest domain.

Specific algorithms are efficient specializations of the general ones for specific
constraints [6, 25]. These methods typically exploit the semantics of individual constraints
in consistency check, and they are more widely used in practical applications than the
general ones. Functional (FC), anti-functional (ATFC) and monotonic constraints (MC)
are three important classes of specific constraints.

In recent years, the CSP model has been implemented in constraintnpnigya
languages, such as CHIP [24], Charme [3], llog Solver [10], etc., for solving practical
combinatorial problems, such as scheduling, sequencing and resource allocations [7, 24,
10]. The basic constraints used in these languages are special cases of FC, ATFC and MC.



In [25], AC-5 is specialized to produce an algorithm running iadD(which is the
optimal time complexity [25]) for these three classes of constraints. However, due to its
fixed queue element representation, it cannot be specialized to reduce the space
complexity. It still requires @&d+ nd) space, which is worse than that of AC-3.

In practical applications, both time and space requirements are important in selecting an
algorithm. Then, the question is: can we have a generic algorithm that can be specialized
for these classes of constraints to achieve both the optimal time complexitgdfa@d
the optimal space complexity of ©f nd) (at the same time)? The answer is almost yes.

This paper makes two contributions. First, we propose an improved (over AC-5)
generic arc consistency algorithm, called AC-5*. It is parametrized on two procedures
and a queue element representation. Its key feature is that it can be specialized to produce
efficient specific algorithms in terms of both time complexity and space complexity. It can
also be reduced to AC-3, AC-4, AC-5 and AC-6 by proper implementation of the two
procedures and the queue element.

Second, we introduce a more efficient technique for checking an important sub-class of
functional constraints, namelncreasing function constraint§dFCs). In this method,

IFCs need to be checked only once, rather than many times as in a typical consistency

check process. This technique produces two important results:

1. Although the new technique is still €&} (in time) the same as that of AC-5,
experiment results show that it outperforms the existing techniques substantially.

2. Together with AC-5*, we can produce an arc consistency algorithm for IFCs, ATFCs
and MCs that has both the optimal time and the optimal space complexities. This
cannot be achieved with existing techniques.

These results are significant in practice because the basic functional constraint used in
current constraint programming languages [24, 3, 10] is actually an IFC.

The paper is organized as follows. Section 2 gives some definitions and conventions.
Section 3 describes AC-5*. Section 4 discusses a specific implementation of AC-5%,
where our new method for IFCs is presented. Section 5 shows the test results. Section 6
discusses the related work and Section 7 concludes the paper.

2. Preliminaries

A CSP is defined as follows: (1) variables - a finite set wériables {1, 2, ...n}, and
(2) domains - each variahlgakes its values from an associated finite dorbDgirand (3)
constraints - a set of binary constraiftetween variables. We assume, for simplicity,
that there is only one constraint, denote@igetween a pair of variablesnd;.

A graphG can be associated with a CSP, where each node represents a vaaiadble
each edge between two variallesdj represents a constraint, which is expressed as two
directed arcs,ifj) and {, i). We denote by the number of arcs I8, byd the size of the
largest domain, and arc(G) the set of arcs i.

We now recall the standard definitions of arc consistency for an arc and a graph.

Definition 1. An arc {, j) O arc(G) is arc consistent with respect®p andD; iff for all v
[ Di, there existsv 11 D; such thaCi(v, w) holds.

Definition 2. A CSP is arc consistent fibr all (i, j) U arc(G), (i, j) is arc consistent with
respect td; andD;.

Our technigues require a total ordering on the domain. It is defined as follows:
Definition 3. A domainD; = {v, ..., Va} is totally ordered iffvi < V1.



We now define functional (FC) and increasing functional (IFC), anti-functional (ATFC),
and monotonic (MC) constraints (see also [25, 13]).

Definition 4. Given two variables andj, we denote - j iff for all v I D; there exists at
most onew [J D; such thaCj(v, w) holds. If it exists, themw = f;(V).
A constraint is functional iff - j andj - i.

Definition 5. Given two variables, we denate j iff (1) i — j, and (2) for alu, v [ D
such that botf;(u) andf;(v) exist inD; thenu < v impliesf;(u) < f;(v).
Observe that if + j (or equivalentlyj + i) then the constrair@; must be functional,
and we call such a constraintreasing functional constraint

Definition 6. A constraintCj is anti-functional iff- C; is functional.

Definition 7. A constraintC; is monotonidff there exists a total ordering d» andD;
such that, for all values[] D; andw O D, Cj(v, w) holds impliesCj(v’, w') holds for
all valuesv’ [0 D; andw’ [J D; such that’ < vandw’' = w.

An example of an IFC is =y + 5. An example of an ATFC is#z y, and an example of
aMCisx<sy+1.

The basic constraints in the current constraint programming languages are special cases
of FC, ATFC and MC [25, 24, 3, 10]. In fact, they are binary equat@Xs=(bY + c),
inequalities &X < bY + c andaX = bY + ¢) and disequationsakK # bY), wherea, b andc
are constants araj b > 0. Domain values are natural numbers. According to Definition 5,
the equatiomX =bY + ¢, which is a special case of FC, is also a special case of IFC.

Most of the earlier algorithms do not use the semantics of constraints to achieve better
efficiency. AC-5 is different as the implementation of its two procedure€d\s and
LocalArcCons are left open. This means that for different constraints different procedures
could be used. #Cons checks an arc when it is first encountered, whileaLArRcCons
rechecks it if its consistency is broken. [25] provides the specialCds and
LocaLArcCons procedures for checking FCs, ATFCs and MCs in timedO(In this
paper, we call these two procedures the initial check procedure and the recheck procedure
respectively for intuitive reasons. This separation is important because the methods for
recheck for certain constraints (e.g., FCs) may be different from their initial check
methods.

3. AC-5* Algorithm

Since AC-5* is intended to improve AC-5, before presenting AC-5*, we make some
observations about AC-5. Take note that all arc consistency algorithms work with a
gueueQ containing elements to be rechecked.

» The key feature of AC-5 is that K& contains elementsi(({), w), where {; j) is an arc
andw is a value that has been removed fidnand justifies the need to recheck).

* Due to this queue element representation, AC-5 achieves the time complexity of
O(ed), and the space complexity of &+ nd) (because the size &f is O(d) for
FCs, ATFCs and MCs. The space complexity is worse than that of AC-3, which is
O(e + nd) (because th® size of AC-3 is only Gf)).

* From AC-5 and its specializations, it can be observed that for ATFCs and MCs, value
w is not used in its dcatArcConsimplementations. Only the minimum and maximum
domain values and the domain size are employed. Wsifty these constraints (or
arcs) is a waste of space. However, for FCs, ugiisgimportant. If we know a value



w that has been removed froomwe can remove its corresponding valuei im
constant time. This results in anedy algorithm (in time). lfw is not known, only an
O(ed) algorithm (in time) can be achieved for FCs. In general, we can say that
knowingw may be useful for certain classes of constraints, but not for all.

We now present AC-5* (Figure 1). Like AC-5, AC-5* also has two steps, the initial
check step (line 2 and 3), and the recheck step (line 4-8). In initial check, each arc in
arc(G) is checked once to enforce arc consistency. In recRasRhecks applied to each
element of the queu@, possibly generating new element£in

Algorithm AC-5*
begin
Q0
for each (,j) O arc@G) do
InitialCheck({, j), Q)
while Q not emptydo
begin
delete an elemeBLT from Q;
ReCheclELT, Q)
end

oO~NOOUOITAWNBE

end

Figure 1. AC-5* algorithm

The algorithm is parametrized on two proceduhesial Checkand ReCheckand the
representation of the queue elemehfl. Their implementations are left open. While the
novelty of AC-5 as described in [25] is that its qu€ueontains elementsi((j), w), the
novelties of AC-5* are (1) that it leaves the queue element representation open, and (2)
that the elements I do not have to have the same representation. Since different queue
elements can have different representations in the same algorithm, it allows AC-5* to be
specialized to save space in addition to time. This is the key difference between AC-5*
and AC-5. In fact, all the previous algorithms have fixed queue element representations.

In AC-5*, we classify arcs (or constraints) into two classes:

1. Arcs that requirevto produce an efficient algorithm, e.g., FC arcs. We call this set of
arcsW_arg.

2. Arcs that do not requing to produce an efficient algorithm, e.g., ATFC and MC arcs.
We call this set of arddW_are.

We are now in the position to present the specifications for the two abstract procedures
InitialCheckandReCheckand the queue elemédat.T. In AC-5*, a queue element could
either be i, j) or (G, j), w). If arc (, j) is aW_arg ((i, j), w) is used. If arci(j) is a
NW _arg (i, j) is used. Figure 2 showisitialCheckandReChecKsee also [25]j.Notice
that there are twdReCheckprocedures (I and Il) dzause of the two queue element
representation€nqueuds given in Figure 3 Removeemoves the values ifrom D;.

It is clear thaWW_arcs can also be handled in the same way\&s arc (and vice versa)
except that it is less efficient. As for which implementation to use, it depends on the
problem. FolW _argcs, it is basically a time and space tradeoff.

1 In the secondReCheckn Figure 2,4, may not be useful in AC-5* becausedifcan be achieved, it means that

knowingw could be unnecessary. Then )X should be classified asNW_ar¢ rather than &_arc
Strictly speaking, arg,(i) is not enqueued whem, {) has been checked. This optimization could be added in
AC-5* by includingj as an argument ilBnqueueand adding the conditiorksz j andm # j to its definition.
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AC-5* may be seen as an integration of AC-3 and AC-5 because of it€bWo
representations. Its correctness follows directly from that of AC-5 and AC-3. All the
general properties of AC-5 still apply, even in the case atesgomplexity because
may be required by every constraint.

With proper implementation of the three items, AC-5* can be reduced to AC-3, AC-4,
AC-5, and AC-6. In these algorithm#/_arcs andNW _are are not distinguished.

e AC-3is clearly a particular case of AC-5* where the implementatiohsitelCheck
andReCheclare the same. The queue elent&lnt is simply , j).

ProcedurelnitialCheck (n (i, j), inout Q)

begin
1 A — {vOD|Ow0OD;: =Cj(v, W};
2 Removeq, i);
3 Enqueua( 4, Q)
end
| Procedure ReCheckif (i, j), inout Q)
begin

1 A — {vOD|Ow0OD;: =Cj(v, W};
2 Removeq, i);
3 Enqueua( 4, Q)

end

Il Procedure ReCheckf ((i, ]), w), inout Q)
begin
1 A 0A04;, with A « {vODi|Cj(v, w) andOOw’ O D;: = Cjj(v, w')}
A; — {vOD, | OW' O Dy: = Cj(v, w')}
2 Removeq, i);
3 Enqueua( 4, Q)
end

Figure 2.InitialCheckandReCheclprocedures

Procedure Enqueueif i, 4, inout Q}
if A# 0 then begin
Q- QU{((k1),v)| k1) OW_ardG) andv I A};
Q QU {(m )| m i) TNW_ar¢G)}
end

Figure 3.Enqueugrocedure

« AC-4 is also a particular case of AC-5* whelee T is ((i, j), w), but ReChecls
implementation does not us& ReCheclprunes inconsistent values by maintaining a
data structur& of size Oéd). InitialCheckinitializesS

« AC-5is also a special case of AC-5* wh&ET is ((, j), w). Note that AC-5* puts
Enqueueand Removein InitialCheck and ReCheck This gives more flexibility in
specializing the two procedures.

« Like AC-4, AC-6 is again a special case of AC*3nlike AC-4, ReCheckprunes
inconsistent values by finding successive value supports and maintaining this
information in a data structufof size O€d). InitialCheckinitializesS.

Usingi in ELT is also a waste here as AC-4 and AC-6 uses @nl).(This idea is not explored further in this
paper because when using AC-4 or AC-6 there is no need to refer to AC-5 or AC-5*.



Since Oéd) is the optimal time complexity, which is achieved by AC-4 and AC-6,
there is no way to reduce it other than considering particular classes of constraints.

Like AC-5, AC-5* can also be easily specialized to produce aut)Ggorithm (in
time) for FCs, ATFCs and MCs. The space complexity is, however, reduced.

+ For ATFCs and MCs, the space complexity i® @(nd) since we can use, () as
ELT, instead of O¢d + nd) as AC-5.

« For FCs, the space complexity il €(ed+ nd), which is the same as AC-5, since we
use ((,j) w) asELT.
The key advantage of AC-5* is that it can achieve the space complexityeaf Qi
for ATFCs and MCs. We will not present all the specific procedurekifil Checkand
ReCheclhere as they can be easily obtained by modifying those in AC-5.

In the next section, we present a new technique for IFCs that does notvreed
produce an GHd) algorithm in time. This means that the space complexity beconges O(
nd) for IFCs. Note that this new technique is not tied to AC-5*, although it is described in
the AC-5* framework. It may be embedded in other general arc consistency algorithms.

4. An Implementation of AC-5*

We may view AC-3, AC-4, AC-5 and AC-6 as special implementations of AC-5*. In
this section, we present another implementation with its specializations. For easy
reference, we call this implementation, AG;5%s it is similar to AC-3. The main
difference is that AC-3 does not distinguish initial check and recheck.

Here, we also describe our new technique for checking IFCs. With this technique, we
can achieve the optimal space complexity af ®0d) and the optimal time complexity of
O(ed) for IFCs, ATFCs, and MCs. Although the time complexity for IFCs is still the same
as that in AC-5, test results show that the new technique runs substantially faster than the
existing ones. In this section, we will not describe the specialized procedures for ATFCs
and MCs as they can be easily obtained by modifying those in AC-5.

In AC-5%;, the queue elemeRLT is only ¢, j). ((i, j), w) is not used because for these
three classes of constraints, havmgloes not help. Thus, all the arcs are assumed to be
NW_are (or simplyarcs). Hence, the space complexity ie@(nd) as AC-3.

Due to our new method for IFCs, in line 2 of AC-5*, each IF@ra{G) is expressed
as one arc (or edge), eithar ) or (, i), rather than two arcs. This simplifies the
technique.

4.1 Domain representation

The domain data structures for ACz;%re shown in Figure 4. This representation is
similar to that in AC-5. However, there are some key differences, which will be made
clear from the description below. AC-5’s domain data structure cannot be used in our
new technique for IFCs. Like AC-5 and AC-6, we assume a total ordering on the domain.

Figure 4(A) shows the top level structure. The fralekgetells whether this domain has
merged with another domain. Its meaning will become clear later. Thel@ttentis a
set of pairsy{, loc) organized as a hash table on kewherev 0V, andloc is a structure
(Figure 4(B)) with its fieldndexholding the array index ofin D;.values(when a value is
not even in the origindD;, Di.elementv) will give 0). This field is different from that in
AC-5, wherev directly points to the index rather than a structacethat indirectly points
to the same index. This change is important for the new technique for TR€dield
valuescontains the real values of the domain. Tif® field gives all the information
about the current domain. Its data structure is shown in Figure 4(C). This is also different



from AC-5 as AC-5 keeps all the information in the domain data structure in Figure 4(A).
This modification is crucial to our new technique for IFCs.

Regarding thenfo structure, the fielcize gives the domain size. The fieldgn and
maxare used to access the minimum and maximum values in the domain. Theré&dlds
andsuccallow accessing in constant time the successor and predecessor of a value in the
domain. This representation allows the algorithm to reason about array indices rather than
values. These fields are the same as those in AC-5. The extra &istd foring the arcs
(which are kept elsewhere in AC-5) related to the variable except those IFC arcs because
our new technique checks them only once. Then, there is no need to store them.

LetV = {v, ...,Va} With Vi < Vis1 be the original domain of
Di ={Vo, sV} OV withpc<pwiand m>0

Syntax
Di.merge integerl] {0, ..., n}, wheren is the number of variables in the CSP
Di.element set of pairsy, loc) with v [0 V andloc is a structure, organized as a

hash table on key:
Dj.values array [1.a] of elementd] V
D;.info: aninfo structure

Semantics
Di.merge # 0, if this domain has been merged with another domain
=0, otherwise
loc.indexDi.elementv)) = p (withv =v), if v D
=0, otherwise

Dj.value$p] = v
D;.info points to annfo structure (see below)
(A). Domain data structure

Syntax
loc.index integer
Semantics
loc.index=p KO, ..., a}
(B). loc data structure

Syntax
info.size integer
info.min: integer{1, ..., a}
info.max integer{1, ..., a}
info.succ array [1.a] of integerd {1, ..., a}
info.pred array [1.a] of integers {1, ..., a}
info.arcs a set of relevant arcs.

Semantics
info.size=m
info.min=p,
info.max= pm
info.sucgpy = px+1 (L <k <m), info.sucgpy] = +
info.pred pw1] = px (L < k<m), info.predp;] = -
info.arcs={(l,1) | (,1) Oarc(G) and (, i) is not an IFC}

(C). info data structure

Figure 4. Domain data structures



4.2 Check IFCs

We now present the new technique for checking IFCs in ACHs%a normal process, a
constraint needs to be checked many times to maintain consistency. Recheck is necessary
when its previously established consistency is broken by other constraints. In the new
method, IFCs only need to be checked once. The main idea is to exploit the fact that
consistent values in the domains of an IFC are one-to-one correspondent and in an
increasing order. So, in initial check, we can merge the two domains by making them
share some key information. Later on, domain change of one variable wil be felt
automatically by the other. In this way, rechecks of the constraint can be avoided.

Before presenting the detailed technique, we distinguish two types of CSPs, static CSPs
and incremental CSPs. A static CSP refers to a CSP whose constraint network is
completely available before arc consistency is enforced. An incremental CSP refers to a
CSP whose variables and constraints may coming incrementally during the problem
solving process. Most real-life CSPs are incremental ones.

The new technique has different properties for the two types of CSPs. For a static CSP,
we can arrange the sequence of the arcs to be checked so that all the IFCs can be merged
in initial check. Then, rechecking them will not be needed. However, for an incremental
CSP, such ordering may not be possible. Then, the new technique does not guarantee that
every IFC will need only one check. We shall discuss this further in Section 4.2.2.

4.2.1 ProceduréenitialCheck for IFCs

We now preseninitialCheckfor IFCs (Figure 5). This procedure can be used for both
static and incremental CSPs. Two sub-procedures are used. The firstMarga€heck
(Figure 6), which merges the two variablesiin). The second one NonMergeCheck
(Figure 7), which does not merge the two variables.

ProcedurelnitialCheck({n (i, j), inout Q)
1 if D.merge= 0then MergeChec(, j), Q)
2  elseifDi.merge= 0then MergeChecl(], i), Q)
3  elseNonMergeChedki, j), Q)

Figure 5.InitialCheckfor IFCs

InitialCheck states that iD;.merge= 0 orD;.merge= 0, then merge andj, otherwise
do not merge them. Take note that not Hdtmergeand Di.mergehave to be O before
they can be merged. This means that a variable can be merged with any number of other
variables. Whem;.merge= 0, we merg¢to i and wherD;.merge= 0, we mergetoj.
MergeCheckmergesD; and D; by making them share the sam®o and some
information in theirelementields. For example, suppose we have the variabksdY. X
has the domain {1 2 4 6 7 9} aithas the domain {5 8 9 10 11 12 13}. The IFQ'is X
+ 1. The initial domains faX andY are as follows (only two fields are shown):

Dy.values =1246709
loc.indeXDy.elementv)) =123456
Dy.values =58 9 10111213

loc.indexDy.elemeniw)) 1234567
After initial check, the domains become:

Dy.values =1246709
loc.indeXDy.elementv)) =003056
Dy.values =uubu810
loc.indexDy.elemenf,y(v))) = 3 56



ProcedureMergeCheckif (i, j), inout Q)
begin

1 DELETE - false DELETE - false

2 newValues— make an array of the same sizdasgalues
3 for eachv (= Di.valuegindex]) [ D; do

4 if fij(V) U Dj then

5 begin

6 deletev from Dj;

7 DELETE « true

8 end

9 else begin

10 newValuegndex] « fjj(v);

11 D;.elementfj(v)) — Di.elemenfv);

12 deletd;(v) from D; without modifyingD;.element
13 end

14 if DELETE then Q « QU {arc|arc I Di.info.arcg;
15 for eachw ] D; do

16 begin

17 loc.indeXD;.elemenfw)) — O;
18 DELETE - true

19 end

20 if DELETE then Q — Q[ {arc|arc I Dj.info.arcs};
21 if Di.merge =0then Di.merge - i;

22 D;.merge ~ Di.merge

23 Di.info.arcs — D;.info.arcsJ D;.info.arcs

24 D;values~ newValues

25 D;.info « D;.info

end

Figure 6. ProcedurglergeChecKkor IFCs
Note thatu stands for undefined, and consistent values in theDyavaluesare still in

the original order. After initial check, for each pair of matching value<, andfy,(v) U
Dy, Dx.elemenfv) andD,.elemenff,,(v)) have the samiec. For those values in the initial
Dy but not in the nevD,, theirloc.indexall have O.

Here are the key points to show the correctnetéenfeCheck

The arraynewValuegline 2) created with the same sizelavaluesis used to store
Di's corresponding values . Since IFCs are functional, the number of value;in
after the initial check cannot be more than the si4a.gélues In line 10, whenever a
valuev [J D; has a matching valuig(v) O D;, fj(v) is stored innewValuesin the
indexth cell. Thus, after line 1HewValueshas all the consistent valuesy with
regard toD;. Consistent values D; andnewValuesalso have the same array indices.
Due to thea 1 j property, values inewValuesre still totally ordered.

Line 12 deletes those valuesn with matching values il; without modifying
D;.element This operation can be donelpsuccthat is subsequently replaced in line
25. So, deleting those matching value®jrdoes no harm. Line 15-19 removes those
values inD; having no matching values I by updating onhyD;'s hash table. Other
information onD; requires no updating as it is subsequently replaced (line 25).

In line 24, the originaD;.valuesis replaced witmewValuesilt is clear no consistent
value is lost and no inconsistent value is kept in the Devalues All the inconsistent
values inD; are removed in line 6.



« Line 11 makeD;.elemen(fij(v)) points to the sammc asD;.elemenfv) (asv [ D;
andfj(v) O D; are consistent). This ensures that when a valsaleleted fronD; (or
D)) by settingloc.indeXDi.elemenx)) (or loc.indexD;.elementx)) to O in the later
process, the corresponding valudirn(or D) is also deleted.

Line 23 concatenates the related arcs afidj and assigns it t®;.info.arcs This
and the operation in line 25 ensure that wbeor D)) is modified later (after initial
check), related arcs of botlandj are activated for recheck.

Line 25 maked; share the sammfo with D;. It is clear that according to the
definition of IFC, all the information iD;.info and D;.info should be the same after
the initial check. The merging of the domains is complete. Later on, anything happens
to D; (or D)), D; (or D) feels it automatically.

NonMergeChecks given in Figure 7, which uses the sub-procedtineck (also in
Figure 7). It consists of two parts, the first part (line 2-17) is used \Whemerge =
D;.merge and the second part (line 18-23) is used otherwise.

ProcedureNonMergeCheckf (i, j), inout Q)

1 if Di.merge= D;.mergethen
2 begin
3 DELETE - false
4 for eachv O D; do
5 if fij(V) U Dj then
6 begin
7 deletev from Dy;
8 DELETE - true;
9 end
10 elseifD;.elemen(fij(v)) andD;.elementv) do not share the sartee then
11 begin
12 deletev from D;;
13 deletd;(v) from D;;
14 DELETE ~ true;
15 end
16 if DELETEthen Q —~ QU {arc|arc Di.info.arcg;
17 end
18 else begin
19 if Check((,j)) thenQ ~ QU {arc|arc [ Di.info.arcg;
20 if Check({, 1)) thenQ ~ QU {arc|arc U Dj.info.arcg};
21 Di.info.arcs — Di.info.arcs {(j, )};
22 D;.info.arcs — Dj.info.arcs {(i, j)};
23 end
Procedure ChecKin (i, j))

begin
DELETE - false
for eachv O D; do if fj(v) O D; then
begin
deletev from D;
DELETE - true;
end
return DELETE;
end

Figure 7. ProcedutdonMergeCheckor IFCs
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The correctness of the first part can be shown as follows. Bm@erge= D;.merge,it
means that bothandj have been merged to the nod®immerge possibly through some
other nodegrefer to line 21 and 22 iMergeCheck Then, both andj share the same
info and the samiocs in theirelemenffields (for their matching values). There is no need
to merge them again. Intuitively, this means that a cycle is encountered among the IFCs.
Now we look at the three possible cases (line 5-15), taking note that removing a value in
D; (or Dj) automatically means removing its matching valuB;jior D;).
1. If v O D; has nofj(v) O Dj, v is removed fronD;. This also means thats original
matching value (which is ndf(v)) in D; is removed. Thus, one value is removed from
Di, and one value is removed frddn

2. Ifv O D; hasfj(v) O D; but Di.elemenfv) and D;.elementf;(v)) do not share the same
loc (line 10), which means that the already merged IFCs are violated, then &adh
fij(v) need to be removed (line 12 and 13). Automatically, their matching vallgs in
andD; are also removed respectively. Thus, two values are removedfr@nd two
values are removed froby.

3. Otherwisey is consistent. Theffj(v) [J D; must also be consistent.

It is clear that after line 15, bofy andD; are fully covered and are consistent since a
constraint is always assumed to be symmetric. So, there is no need to chgal, aand
only one enqueue operation (line 16) is required bedauséo.arcs = D;.info.arcs

The correctness of the second part is cle&heskis actuallyREVISEiIn AC-3.i andj
are not merged. Both ards ) and {, i) are checked in the procedure. Note that the two
arcs are also attached joandi (line 22 and 21) respectively, which are not there
originally. They may require rechecks as they did not merge. Proded@teecks given
in Figure 8, which obviously meets its specification.

ProcedureReCheckin (i, j), inout Q)
1 if Check((,})) thenQ ~ Q[ {arc|arc [ Di.info.arcg

Figure 8. Procedur@eCheclor not merged IFCs

4.2.2 Time complexity

Due to the use of hash table, each valug;ifor D;) needs to be checked only once in
MergeCheckor NonMergeCheckThus, the consistency check ImtialCheck is O(d).
Now, the question is: can we avoid going to the second part (line 18-23) of
NonMergeCheck If we can, then every IFC can be merged, and no recheck is needed.
Hence, AC-5% is Ofd for IFCs, which is the same as that in AC-5. But AG-5*
eliminates the rechecks needed in AC-5, not to mention AG-SBuperior space
complexity. However, if we cannot avoid going there, those not merged IFCs still need
recheck, and the consistency checliReChecks O(d), which is not as good as that in
AC-5.

From the above discussion, we can derive a condition for checking all the IFCs in a
CSP only once. Take note that every IF@iic(G) is expressed as one edge (or arc).

Single Check Condition:For each IFCi(j) O arc(G), when (, j) is checked, it satisfies
(a) Di.merge= 0 orD;.merge= 0, or;
(b) Di.merge= D;.merge with D;.merge# 0.
It turns out that whether the condition is guaranteed to be satisfied depends on if a CSP
is a static one or an incremental one.
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Theorem: For a static CSP, we can always fix an order of arcs to be checked initially so
that the above condition is satisfied.

The theorem can be proven quite easily. Here is the sketch of the proof. Without loss of
generality, we only consider a connected network of IFCs. We first find a spanning tree
for the network. Then, we order the IFCs in the spanning tree by traversing the tree
(starting from any node). Thus, every IFC in the spanning tree satisfies (a) of the above
condition when it is checked. The remaining IFCs can follow those in the spanning tree (in
any order). Then, each IFC in this remaining set satisfies (b) when it is checked.

Let us have an example. See the network of IFCs in Figure 9. One way to order the
edges is like this: (1, 2), (1, 3), (2, 4), (2, 3) and (3, 4). Then, when checked, (1, 2), (1,
3), (2, 4) satisfy (a) of the above condition, and (2, 3) and (3, 4) satisfy (b).

2

3
Figure 9. An example network of IFCs

For an incremental CSP, the situation is different. We may no longer have the freedom
to order the constraints to fully satisfy the above condition. However, it can be partially
satisfied. In this case, those IFCs that do not satisfy the condition still need recheck.

Fortunately, from our experience in building practical systems, we find that there are
normally many clusters of IFCs in a real-life CSP, and each cluster typically has only 2 to
3 variables. Then, the above condition is always satisfied. Téd @6ult still stands.

5. Experimental Results

In this section, we compare the performances of the specializations of AC-3, AC-5 and
AC-5*. The focus is on showing how the new technique for IFCs performs compared to
the existing techniques. The constraints involved in the comparison are equations,
inequalities and disequations, which are the basic constraints of the current constraint
programming languages [25]. Equations are special cases of IFC (see Section 2). All the
algorithms are implemented in CMU Common Lisp on SPARC-2.

We implemented AC-3, AC-5, AC-5* AC-5*r, and AC-5% with specialized
techniques for checking those classes of constraints. AC-3 uses the specialized techniques
in [24], and AC-5 uses the specialized techniques in [25]. They both use the same domain
data structure in [25] (in [13], AC-3 uses the data structure in [24]). A@&5 uses the
specialized techniques in [25], but in the AC-5* framework, i.e.N@f_are, w is not
used. AC-5%c uses the new technique for IFCs, and the techniques in [25] for the other
constraints and also those not merged IFCs. ACuses the technique described in
Section 4 for IFCs and similar techniques to those in [25] for other constraints.

We report two sets of tests. One set uses CSPs with only IFCs, in particular, equations
as discussed in Section 2. This set of tests is to show the effects of the new technique on
IFCs alone. The other set uses typical scheduling problems. Scheduling problems are used
here because most applications of constraint pnagiag are in scheduling, sequencing
and other similar domains.

For the first set of tests, variables, domains and constraints are randomly generated.
The constraints are also randomly ordered. This is to reflect the incremental nature of
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practical CSPs. The number of variables ranges from 40 to 80, the domain sizes range
from 10 to 100, and the number of constraints ranges from 45 to 90. Figure 10 shows the
performance comparison of AC-3 and AG: 5t percentage terms over 30 problems. The
performance of AC-3 is taken as 100% (shown as the dash line). A8kB% only 55%

to 80% (73% on average) of the time for AC-3 for arc consistency.

O S 5 456789 10 10 12 13 14 15 16 17 18 19 20 21 22 23 24 28 26 27 28 29 30
Figure 10. AC-3 and AC-5%n IFCs
Figure 11 shows the comparison of AC-5 and AG56n the same set of IFC CSPs.
The performance of AC-5 is taken as 100%. AGEdnly uses 60% to 82% (72% on
average) of the time taken by AC-5.

50 +—+F—F—F————F+—+—F+—+—+—+—+—+—F+—FF—FF—F—F—F—F—F—F
1 2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Figure 11. Comparison of AC-5 and ACsz0on IFCs

For this and the following set of tests using scheduling problems, we will not show the
comparison of AC-5 and AC-5. Their performances are quite similar. We will not
compare AC-3 and AC-5 either because our purpose here is to show the effects of the
new technique for IFCs. We believe the data we used is insufficient for a general
performance comparison of AC-3 and AC-5. However, in our testing, we find that none
dominates the other, although AC-5 has a better time complexigd)jdér IFCs than
AC-3 (O(d)). The performances of AC-p& and AC-5%are almost the same.

Our second set of tests is intended to show what we may see when the new technique is
used in real applications. The test problems are typical job scheduling problems. The
following representation is just one of the ways to represent a scheduling problem. In the
scheduling domain, we need to schedule a number ofjgldg,, J,, ..., Js}, and each job
consists of a number of operatiahs- {Op,, Op,, ... Op,}. The operations in each job

have to be performed in a fixed sequence. Thus, the starGfimEone operation must
be greater than or equal to the end tif)g of its previous operation, i.e§, = E,.
Each operation also has a duratidw,. Then, we have the constralgf = S, + Du;,
(which is an IFC). Each job has a due tidte by which it must be finished, i.&& < Dt..

There are also other constraints such as certain operations from different jobs may need to
start at the same time or finished no later than certain time, etc. This by no means

describes a full scheduling problem. A real problem also needs to consider resources, and
requires a good solution. However, these are more to do with heuristic search strategies
rather than consistency check, and they are out of the scope of this work. The results
reported here are only for achieving consistency.

For this set of tests, we fix the number of operations to be 5 for each job, which means
10 variables per job. Each domain has 100 values. However, the number of jobs is
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randomly generated for each problem, ranging from 4 to 8. The constraints are also
randomly sequenced to reflect the incremental nature of real-world CSPs. In each
problem, around half of the constraints are IFCs. Figure 12 and 13 show the performance
comparisons of AC-3 and AC-5* and AC-5 and AC-5%: respectively (over 30
problems). It can be seen that the new technique produces substantial saving. AC-5*
takes 55% to 70% (64% on average) of the time for AC-3. A:only takes 54% to

71% (65% on average) of the time for AC-5.

T rr -t r-rrr- - rrr-rrr 17
1 2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Figure 12. AC-3 and AC-5%*n scheduling problems

rrrrrrrrr oot rrror T

1 23 456 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Figure 13. Comparison of AC-5 and ACr&’on scheduling problems.

It can be seen from the figures that the new technique saves more with the second set of
tests. This is because in the first set, many IFCs are not merged dueSinglieeCheck
Condition(in the second set, all the IFCs are merged), and IFCs requires more processing
than the other constraints. For example, for an IFC (or FC) in AC-5, each domain needs

to be traversed twice (once in the initial check step and once in the recheck step), while
for the other constraints, it needs to be traversed at most once.

Finally, from all these comparisons, we can safely say that the new technique
consistently produces considerable saving.

6. Related Work

Many general arc consistency algorithms have been developed in the past. AC-3 was
perhaps the simplest. It has the optimal space complexity ®f+Q1(d), but its time
complexity is Oéd’). AC-4, working with domain values rather variables as in AC-3, has
the optimal time complexity of @¢f), but its space complexity is &f). AC-6, which
works in a similar way as AC-4, improves thesp complexity of AC-4 from @¢f) to
O(ed). The idea of working on domain values was also exploited by Perlin [22] to achieve
a better bound for some classes of constraints through factorization.

AC-5 provides an unified and generic algorithm that can exploit the structure of the
domain and also the structure of the constraints to produce more efficient algorithms for
specific constraints. These efficient specific methods play a more important role than
general algorithms in practical applications. The most commonly used constraints are FCs,
ATFCs and MCs. Their subcases (i.e., equations, disequations and inequalities) form the
core of the current constraint programming languages, e.g., CHIP [24], Charme [3], llog
Solver [10], etc. In [25], AC-5 is specialized to achieve aadDalgorithm in time for
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these constraint classes. However, due to its fixed queue element representation, it cannot
be specialized to reduce the space complexity, whiched ©xd).

AC-5* is an improvement over AC-5. It is also a generic algorithm. But because of its
two queue element representations, it can be specialized to produce efficient algorithms
for specific constraints not only in time, but also in space.

The new technique for IFCs is motivated by AC-5’s technique for FCs. Although our
technique is still Gfd) in time, experiments have shown it is more efficient than that in
AC-5. More importantly, it is now possible to have an arc consistency algorithm for IFCs,
ATFCs and MCs, which is both optimal in time and also optimal in space.

Mohr and Masini [19] discovered independently that binary equations, inequalities, and
disequations can be solved inedy Earlier work on constraint solvers (e.g., ALICE
[14]) and constraint programming languages (e.g., CHIP [24]) also presented special
algorithms for these classes of constraints. However, equations in all these methods need
to be checked many times.

Recently, [2] proposed another general arc consistency algorithm AC-7. The main idea
of AC-7 is to take advantage of the bidirectionality of constraints to reduce the number of
consistency checks. Its space requirementlli©ged) like AC-6 [1]. [2] did mention that
the semantics of constraints can be used to infer or reduce constraint checks. However, it
is not clear how AC-7 could be specialized to reduce both the time and space
complexities for IFCs, ATFCs and MCs.

7. Conclusion

In this paper, we have proposed an improved generic arc consistency algorithm AC-5*.
It can be specialized for specific constraints to produce efficient algorithms not only in
time but also in space. This is significant because for practical applications, time and space
complexities are equally important. In addition, we have also presented a new consistency
technique for IFCs. It checks almost all IFCs only once rather than many times. Although
this technique does not reduce the time complexity (compared to that in AC-5), our
experiments have shown it outperforms the existing methods substantially. With this
technique and AC-5* we can have an arc consistency algorithm that is both optimal in
time and in space for IFCs (almost), ATFCs and MCs. The main application of these
techniques will be in constraint programming for solving practical scheduling, planning,
sequencing and resource allocation problems.
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